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PREFACE. 


Tnrc function of Laboratory instruction in physics is twofold. 
Elementary courses arc intended to develop tho power of discrimi¬ 
nating observation and to put the studont in personal contact with 
the phenomena and general principles discussed in textbooks and 
lecture demonstrations. Tho apparatus provided should bo of the 
simplest possible mituro, tho experiments assigned should bo for 
the most part qualitative or only roughly quantitative, and omplmsis 
should bo placed on the principles illustrated rathor than on llio 
accuracy-of the necessary measurements. On tho other band, 
laboratory courses designed for moro mature students, who avo 
supposed io have a working knowledge of fundamental principles, 
arc intended to givo instruction in tho theory and pmclieo of tho 
methods of precise measurement that underlie .all effective research 
and supply the data on which practical engineering enterprises aro 
lxiscd. They should also dovolop tho power of logical argument 
and expression, and lead tho student to draw rational conclusions 
from his observations. Tho instruments provided should bn of 
standard design and oHlcioncy in ordor that the student may gain 
practice in making adjustments and observations undor as nearly 
as may be tho samo conditions-that provail in original investigation. 

Measurements aro of little valuo in citlior research or engineering 
applications unloss tho precision with which they represent |.ho 
measured inagnilndo is definitely known. Consequently, tho stu¬ 
dent should bo taught to plan and oxecute proposed moasitromonts 
within definitely proscribed limits mid to determine tho accuracy 
of the results actually attained. Since the treatment of these 
matters in available laboratory manuals is fragmentary and often 
very inadequate if not misleading, tho author somo yearn ago under¬ 
took to impart tho necessary instruction, in tho form of lectures, 
to a class of junior ongincoring .students. Subsequently, textbooks 
on tho Theory of Errors anil the Method of Least Squares woro 
adopted but most of tho applications to actual pmetioo woro still 
givou by lecture. Tho prosont trout,iso is llio result of tho oxpori- 



ence gained with a number of succeeding classes. It has been 
prepared primarily to meet tlio needs of students in engineering 
ami advanced physics who have a working knowledge ol' the differ¬ 
ential ami integral calculus. It is not intended to supersede but 
to supplement the manuals and instruction sheets usually employed 
in physical laboratories, Consequently, particular instruments and 
methods of measurement have been described only in so far as they 
serve to illustrate tlm principles under discussion. 

The usefulness of such a treatise was suggested by the marked 
.tendency of laboratory students to carry out prescribed work in a 
purely automatic manner wiih slight regard for the significance or 
the precision of their measurements. Consequently, an endeavor 
has been made to develop the general theory of measurements .and 
the errors to which they are subject in a form so clear and conoiso 
that it can be comprehended and applied by the averngo student 
with the prescribed previous training. To this end, numerical ex¬ 
amples have been introduced and completely worked out whenever 
this course seemed likely to aid the student in obtaining a thorough 
grasp of the principles they illustrate. On the other hand, inherent 
difficulties have not boon ovaded and it is not expected, or oven 
desired, that the student will be able to inastor tho subject without 
vigorous mental effort. 

The first seven chapters deal with tho gonoral principles Hint 
underlie all measurements, with the nature and distribution of tho 
errors to which they are subject, and with tho methods by which 
tho most probable result is derived from a series of discordant 
measurements. Tho various types of measurement met with in 
praotico am classified, and general methods of dealing with each 
of them are briefly discussed. Constant errors and mistakes uro 
treated at some length, and then the unavoidable accidental errors 
of observation are explicitly defined. The residuals corresponding 
to actual measurements are shown to approach tho true ancidonltil 
errors as limits when tho number of observations is indoliniloly 
increased and their normal distribution in regard to sign and mag¬ 
nitude is explained and illustrated. After a preliminary notion of 
its significance has beon thus imparted, tho law of accidental errors 
i® 8tatC( l empirically in a form that gives explicit representation to 
all of the factors involved. Tt is then proved to bo in conformity 
with the axioms of accidental errors, the principle of tho arithmetical 
mean, and the results of experience, Tho various uhnraetoristio 



errors that are commonly used as a measure of tho accidental errors 
of given scries of measurements are cloarly defined ami their signifi¬ 
cance is very carefully explained in order that they may ho used 
intelligently. Practical methods for computing them are developed 
and illustrated by numerical examplos. 

Chapters oight to twelve inclusive are dovoted to a general dis- 
oussion of tho precision of measurements based on the principles 
established in the preceding chapters, Tho criteria of accidental 
orrors ami suitable methods for dealing with constant and systematic 
errors aro developed in detail. The precision measure, of tho result 
computed from given observations, is dofined and its significance in 
explained with tho aid of uumorieal illustrations. Tho propor basis 
for tho criticism of reported measurements and tho selection of 
suitable numerical values from tables of physical constants or other 
published data is outlined j and the importance of a careful eatimato 
of the precision of the. data adopted in engineering and scientific 
praelico is emphasized. The applications of the theory of errors to 
the determination of suitable methods for the oxocmtion of proposed 
measurements are discussed at some longth and illustrated. 

In chapter thirteen, tho relation between measurement and re¬ 
search is pointed out and tho general methods of physical research 
aro outlined. Graphical molhoda of reduction and representation 
arc explained and somo applications of tho method of least squares 
aro developed. Tho importance of timely and adequate publication, 
or other report, of completed investigations is emphasized and somo 
suggestions rclativo to tho form of such roports aro given 

Throughout the book, particular attention is paid to methods of 
computation and to tho proper uso of significant figures. For tho 
convohicnco of tho studont, a number of usoful tables are brought 
together at tho ond of the volume. 

A. dk I'oKrm' Palmkk. 

Brown University, 

July, 1012. 
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THE 

THEORY OF MEASUREMENTS 


CHAPTER I. 

GENERAL PRINCIPLES. 

i. Introduction. — Direct observation of the relative position 
and motion of surrounding objects and of their similarities and 
differences is the first step in the acquisition of knowledge. 
Such observations are possible only through the sensations pro¬ 
duced by our environment, and the value of the knowledge; thus 
acquired is dependent on the exactness with winch we corre¬ 
late these sensations. Such correlation involves a quantitative 
estimate of the relative intensity of different sensations and of 
their time and space relations. As our estimates become more 
and more exact through experience, our ideas regarding the 
objective world arc gradually modified until they represent 
the actual condition of things with a considerable degroo of 
precision. 

The growth of science is analogous to the growth of ideas. 
Its function is to arrange a mass of apparently isolated and un¬ 
related phenomena in systematic order and to determine tho in¬ 
terrelations between them. For this purpose, each quantity that 
enters into the several phenomena must bo quantitatively deter¬ 
mined, while all other quantities are kept constant or allowed 
to vary by a measured amount. Tho exactness of tho relations 
thus determined increases with the preoision of the measure¬ 
ments and with the success attained in isolating tho particular 
phenomena investigated. 

A general statement, or a mathematical formula, that ex¬ 
presses the observed quantitative relation between the difforenfc 

ngnitudes involved in any phenomenon is called the law of 
that phenomenon. As hero used, tho word law docs not moan 

1 




that the phenomenon must follow the prescribed course, but 
Unit, under the given conditions and within the limits of error 
and the range of our measurements, it has never been found to 
deviate from that course. In other words, the laws of science 
are concise statements of our present knowledge regarding 
phenomena and their relations. As wc increase the range and 
accuracy of our measurements and learn to control the condi¬ 
tions of experiment more definitely, the laws that express our 
results become more exact and cover a wider range of phenomena. 
Ultimately wo arrive at broad generalisations from which the 
laws of individual phenomena are deducible as special cases. 

The two greatest factors in the progress of science are the 
trained imagination of the investigator and the genius of 
measurement. To the former we owe the rational hypotheses 
that have pointed the way of advance and to tho latter the 
methods of observation and measurement by which the laws of 
science have been developed. 

2 . Measurement and Units. — To measure a quantity is to 
determine the ratio of its magnitude to that of another quan¬ 
tity, of the same kind, taken as a unit. The number that 
expresses this ratio may be either integral or fractional and is 
called the numeric of the given quantity in terms of tho chosen 
unit. In general, if Q represents the magnitude of a quantity, 
U the magnitude of the chosen unit, and N the corresponding 
numeric we have 

<3 = AH/, (I) 

which is the fundamental equation of measurement. The two 
factors N and U aro both essential for the exact specification of 
tho magnitude Q. For example: the length of a certain lino 
is five inches, i.c., the line is five times as long as one inch. It 
is not sufficient to say that the length of the line is five; for in 
that case we are uncertain whether its length is five inches, fivo 
feet, or five times some other unit. 

Obviously, the absolute magnitude of a quantity is independent 
of the units with which we choose to measure it. Hence, if wo 
adopt a different unit U', we shall find a different numeric N' 
such that 

Q-N'U', (II) 

and consequently 

NU = N'U', 



(Ill) 


N _ V' 

,r N' V 

Equation (III) expresses the general principle involved in the 
.runsformution of units and shows that the numeric varies in¬ 
versely as the magnitude of the* unit; i.c., if U is twice as large 
is f/', N will be only one-lmlf as large as N'. To take a con- 
■rotc example: a length equal to ten inches is also equal to 
*5.4 centimeters approximately. In this case N equals ten, 
V' equals 25.4, U equals one inch, and U' equals one uenti- 

N' 

ncter. The ratio of the numerics is 2.54 and hence the 

N 

nversc ratio of the units jp is also 2.54, i.c., ono inch is equal to 
1.54 centimeters. 

Equation (III) may also be written in the form 

N = N’~, (IV) 

vhich shows that the numeric of a given quantity relative to the 
mit U is equal to its numeric relative to the unit U’ multiplied 

U’ 

)y the ratio of the unit V to the unit f/. The ratio pj is called 

he convention factor for the unit V in terms of the unit U. 
t is equal to the number of units U in one unit U', and when 
nullipliod by the numeric of a quantity in terms of U' gives 
.he numeric of the same quantity in terms of U. The con¬ 
version factor for transformation in the opposite direction, i.e., 

rom U to U’ } is obviously the inverse of the above, or In 

icncrnl, the numerator of the conversion factor is the unit in 
vhich the magnitude is already expressed and the denominator 
3 tho unit to which it is to he transformed. For example: 
me inch is approximately equal to 2.54 centimeters, hence, the 
lumcrie of a length in centimeters is about 2.54 Limes its numeric 
a inches. Conversely, the numeric in inches is equal to the 
lumorio in centimeters divided by 2.54 or multiplied by tho 
eoiprocal of this number. 

In so far ns the theory of mensuration and the attainable 
ccuracy of the result arc concerned, measurements may be made 
\ terms of any arbitrary units and, in fact, tho adoption of such 





relative determinations. In general ZZ L ° nQmied °My with 
of little value unless they are 

accepted units whose magnitude h ° t I Giffls of generally 
such units have come into me through rateIy k »own. Some 

of them have been fixed by governmentZT OOMeilt but ^t 
manence is assured by ] e J\ , J„t “ 4 f nactmeil t and their per- 

have been accurately determined. Such orb Magnitudes 

served by various governments hmn • 1)limary standards, pre- 

earefuily intercompared and their or! cases > keen very 

mtely known. Copies of tee ml ?° nvers > 0 n factors are aceu- 
may be found in all well-equipped hCT*'- StancIa1 ’* 

preserved as the secondary sLrLI. . ?° S W,lera tJioy a re 

meats are referred. Carefully maderorioT 1101 a " measm - 

,“curate for OT ®mry puip^^t’“f’ usll! >% anfflciently 

sought, their exact magnitude must h /! Sleatest Precision 
comparison vdth the primary standards be * to ™mcd by direct . 
Of Standards at Washington matosuM,' The National Bureau 

™“* “»*»» ^LTZ 

,rxr ;r si “- ■** -» 

must have as many different units a^th" qUalltlty measured, we 
quantities to be measured. Each of £”* ^ diffe >™‘ kin* of 
by an independent arbitrary stancWj 1 . Un ' tS mi « ht b ° fixed 

unit time; but, if W ead^? *° the dist ™ce desoriW • 

SSSS-SSS/SiSg 

««srsc srr — 4 

' w»e tundamentaJ 



jnitfl is arbitrary, but when definite standards for each oi these 
mils have been adopted the magnitude of all of the derived units 
s fixed. 

For convenience in practice, legal standards have been adopted 
:o represent some of the derived units. The precision of these 
standards is determined by indirect comparison with the standards 
•cproseuting the three fundamental units. Such comparisons are 
msed on the known relations between the fundamental and de¬ 
lved units and are called absolute measurements. The practical 
ulvanfage gained by the use of derived standards lies in the fact 
dial absolute measurements are generally very diflicult and require 
jreat skill and experience in order to secure a reasonable degree 
)f accuracy. On the oilier hand, direct comparison of derived 
limntitics of the same kind is often a comparatively simplo 
natter mid can be carried out with great precision. 

4. Dimensions of Units. — TI 10 dimensions of a unit is a 
lialhemntienl formula that shows how its magnitude is related 
,0 that of the three fundamental units. In writing such formula}, 
.ho variables arc usually represented by capital letters inclosed 
11 square brackets. Thus, [M\, (L] and [7’J represent the dimen¬ 
sions of the units of mass, length and lime respectively. 

Dimensional formula) and ordinary algebraic equations are 
jssenlinlly dilferont in significance. The. former shown the rela¬ 
tive variation of units, while the latter expresses a definite mnlho- 
natical relation between the numerics of mensurable quantities, 
rims if a point in uniform motion describes the distance L in tho 
ime T its velocity V is defined by the relation 

y-Y (v) 

Since L and T are concrete, quantities of different kind, the right- 
mud member of this equation is not a ratio in the strict arilhmct- 
oal sense; i.o., it cannot lie represented by a simple abstract runn¬ 
ier. .Hence, in virtue of the definite physical relation expressed 
)y equation (V), we are led to extend our idea of ratio to includo 
ho case of concrete quantities. From this point of view, the ratio 
if two quantities expresses the rate of change of the first quantity 
vith respect to tho second. It is a concrete quantity of tho same 
:i»d as the quantity it serves to define. As an illustration, con- 
ider the meaning of equation (V). Expressed in words, it is " tho 



If we represent the units of velocity, length, and time by [V], 
[L], and ['7'], respectively, and the corresponding numerics by v, 
l, and t } wc have by equation (I), article two, 

V = v[V\, L — l[L\, T = t\T], 


and equation (V) becomes 


v[V\ = 


[JA i 

mv 


or 


y rnm t 


(VI) 


Since, by definition, [V] and j^j are quantities of the same kind, 

their ratio can be expressed by an abstract number k nml equation 
(VI) may be written in the form 

!, = /£•, (VII) 


which is an exact numerical equation containing no concrcto 
quantities. 

The numerical value of the constant k obviously depends on 
the units with which L , T, and V are measured. If wc define tho 
unit of velocity by the relation 


[VI 


ia 

[T\> 


or, as it is more often written, 


[V] = [LT~\ 


(VIII) 


k becomes equal to unity aad tho relation (VII) between tho 
numerics of velocity, length, and time reduces to tho simple form 


• = V CX) 

The foregoing argument illustrates tho advantage to be gained 
by defining derived units in accordance with the physical rela¬ 
tions on which they depend. By this means wo eliminate the 
often incommensurable constants of proportionality such as k 
would be if the unit of velocity were defined in any other way 
than by equation (VIII). 


The expression on the right-luuul side of equation (VIII) is the 
intensions of the unit of velocity when the units of length, mass, 
ml time are chosen us fundamental. The dimensions of any 
tlicr units may be obtained by the method outlined above when 
r c know the physical relations on which they depend. The form 
f the dimensional formula depends on the units we choose as 
indumenta!, but the general method of derivation is the same in 
II eases. As an exercise to fix these ideas the student should 
erify tin* following dimensional formula*: choosing [d/J, [L\, and 
n J as fundamental units, the dimensions of the units of area, 
^duration, and force ant [Zrj, {LT~% and \MLT~ 2 \ respectively, 
s an illustration of the effect of a different choice of fundamental 
tits, it may be shown that the dimensions of the unit of mass is 
7 h~'T 2 \ when the units of length [/.,], fora; [/'’J, and time \T\ are 
loscn as fundamental. The dimensions of some important 
erived units are given in Table I at the end of this volume. 

5 . Systems of Units in General Use. — Consistent systems 
: units may differ from one another by n difference in the choice 
: fundamental units or by a difference in the magnitude of U 10 
articular fundamental units adopted. The systems in common 
so illustrate both types of difference. 

Among .scientific men, the so-called e.g.s. system is almost 
niversally adopted, and the results of scientific investigations 
•e seldom expressed in any other units. The advantage of such 
liformity of choice is obvious. It greatly facilitates the com- 
irison of the results of different observers and leads to general 
Ivancc in our knowledge of the phenomena studied. The units 
length, mass, and time are chosen as fundamental in this 
-stem and the particular values assigned to them arc the centi¬ 
liter for the unit of length, the grain for the unit of mass, and 
10 mean solar second for the unit of time. 

The units used commercially in England and the United Slates 
America arc far from systematic, as most of the derived units 
c arbitrarily defined. So far as they follow any order, they 
nn a length-mass-time system in which i.ho unit of length is the 
ol, the unit of mass is the mass of a pound, and the unit of time 
the* second. Tins system was formerly used quite extensively 
' English scientists and the results of some classic investigations 
0 expressed in such units. 

English and American engineers find it more convenient to use 


KJU l(si irliu 


force, and tune, mo paruoumi- um» 
unit of length, the pound's weight at London as the unit of fovea, 
and the mean solar second as the unit of time. Wo shall seo that 
this is equivalent to a Icngtli-mnss-tiinc system in which tho units 
of length and time arc tho same as above and tho unit of muss is 
the mass of 32.191 pounds. 

6 . Transformation of Units. — When the. relative magnitude, 
of corresponding fundamental units in two systems is known, a 
result expressed in oik; system can bo reduced to tho other with 
the aid of the dimensions of the derived units involved. Thus: 
let A 0 represent tho magnitude of a .square centimeter, A ( tho 
magnitude of a square inch, N 0 the numeric of a given area when 
measured in square centimeters, and Ni tho numeric of the same 
area when measured in square indies; then, from equation (IV), 
article two, we have 


But if L c is the magnitude, of a centimeter and L t that of an inch, 
A( is equal to I/, 2 , and therefore 

Y 

A t W W 

Hence, tho conversion factor ~~ for reducing square centimeters 

to square inches is equal to the square of tho conversion factor 

T 5 for reducing from centimeters to inches. Now tho dimon.sions 

of the unit of area is [£»*J, and wc see that the conversion factor 
for area may be obtained by substituting the corresponding con¬ 
version factor for lengths in this dimonsional formula. 'Phis in a 
simple illustration of the general method of transformation of 
units. When the fundamental units in the two systems differ in 
magnitude, but not in kind, the conversion factor for correspond¬ 
ing derived units in bhc two systems is obtained by replacing tho 
fundamental units by their respective conversion factors in the 
dimensions of the derived units considered. 

It should be noticed that tho fundamental units in tho o.g.s. 
system are those of length, mass, and time, while on the engineer’s 
system they are length, force, and time. In the latter system, 


•ec is supposed to be directly measured and expressed by the 
nonsions [F]. Consequently the dimensions of the unit of 
iss are [/'’L -l 2' 2 ]» and the unit of mass is a mass that will acquire 
velocity of one foot pur second in one second when acted upon 
a force of one pound’s weight. For the sake of definiteness, 
e unit of force is taken as the pound's weight at London, where 
e acceleration duo to gravity (y) is equal to 32.191 foot per 
xmd per second. Otherwise tho unit of force would be variable, 
pending on tho place at which the pound is weighed. 

From Newton’s second law of motion we know that the relation 
ween acceleration, mass, and force is given by the expression 

/ = ma. 

■r a constant force the acceleration produced is inversely pro- 
rtional to the mass moved. Now the mass of a pound at London 
icted upon by gravity with a force of one pound’s weight, and, if 
e, it, moves with an acceleration of 32.191 feet per second per 
xmd. Hence a mass equal to that of 32.191 pounds acted 
on by n force of one pound’s weight would move with an neecler- 
on of one foot per second per second, i.o.., it would acquire a 
loeity of one fool per second in one second. Hence the unit of 
iss in the engineer’s system is 32.101 pounds mass. This unit 
sometimes called a slugg, but f he name is seldom met with since 
pincers deal primarily with forces rather than masses, and arc 
IK 

itent to write — for mass without giving the unit a definite 
0 

me. This is equivalent to saying that the mass of a body, 
pressed in sluggs, is equal to its weight, at London, expressed in 
unds, divided by 32.191. 

‘Vftcr careful consideration of the foregoing discussion, it will 
evident that tho engineer’s longth-force-timo system is exactly 
livalcnt to n longth-mass-limc system in which the unit of 
gth is the foot, the unit of mass is the slugg or 32.191 pounds’ 
iss, and the unit of time is the mean solar second. In the latter 
item the fundamental units arc of tho same kind as those of 
5 e.g.s. system. Hence, if the conversion factor for the unit 
mass is taken as the ratio of the magnitude of the slugg to that 
the gram, quantities expressed in the units of the engineer’s 
stem inay be reduced to the equivalent values in the e.g.a. 
item by the method described at the beginning of this article. 





in terms of the local weight of n pound as a unit of force in place 
of the pound's weight at London, t lu* result of a transformation 
of units, carried out ns above, will be in error by a factor equal to 
the ratio of the acceleration due to gravity at London and at the 
location of the measurements. Unless the local gravitational 
acceleration is definitely stated by tlu: observer and unless lie 
1 ms used his iength-force-time units in a consistent nmimer, it is 
impossible to derive the exact equivalent of bis results on the 
e.g.s. system. 



CHAPTER II. 


MEASUREMENTS. 

n article two of the last chapter we defined the term “ mcasurc- 
it” and showed that any magnitude may be represented by 
product of two factors, the numeric and the unit. The object 
ill measurements is the determination of the numeric that ex- 
=scs the magnitude of the observed quantity in terms of the 
sen unit. For convenience of treatment, they may bo classified 
n’ding to t.ha nature of the measured quantity and the methods 
ibservnt.ion and reduction. 

, Direct Measurements. — The determination of a desired 
icric by direct observation of the measured quantity, with the 
of a divided scale or other indicating device graduated in 
as of the chosen unit, is called a direct measurement, 
noh measurements arc possible when the chosen unit, togethor 
1 its multiples and submulliplcs, can be represented by a 
erial standard, so constructed that it can be directly applied 
he measured quantity for the purpose of comparison, or when 
unit and the measured magnitudes produce proportional 
ds on a suitable indicating device. 

engths may be directly measured with a graduated scale, 
ses by comparison with a set of standard masses on an equal 
balance, time intervals by the nso of a clock regulated to 
moan solar time, and forces with the aid of a spring balanco. 
cc magnitudes expressible in terms of tho fundamental units 
iither the e.g.s. or tho engineer's system may bo directly 
surod. 

(any quantities expressible in terms of derived units, that can 
epresented by materia! standards, are commonly determined 
lirocl measurement. As illustrations, we may cite tho deten¬ 
tion of the volume of a liquid with a graduated flask and tho 
surement. of tho electrical resistance of a wire by comparison 
a sot of standard resistances. 

Indirect Measurements. — The determination of a desired 
eric by computation from the numerics of one or moro 
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desired quantity, is called an indirect measurement. 

The relation between the observed and computed magnitudes 
may be expressed in the geneva! form 

y ~ F{x\,x%,%h ... n, h,c . . . )» 

where y, Xi, x 2 , etc., represent measured or computed magnitudes, 
or the numerics corresponding to them, u, h, e, etc,., represent 
constants, and F indicates that there is a functional relation 
between the other quantities. This expression is read, y equals 
some function of aa, x 2l etc., and a, />, c, ete. lu any particular 
case, the form of the function F and the number and nature of the 
related quantities must bo known before the compulation of the 
unknown quantities is undertaken. 

Most of tho indirect measurements made by physicists and 
engineers fall into one or another of three general elnsses, elmc- 
actomed by the nature of tho unknown and measured magnitudes 
and the form of tho function F. 

9. Classification of Indirect Measurements. 

I. 

In the fivst class, y represents the desired numeric, of a magni¬ 
tude that is not directly measured, either because, it is impossible 
or inconvenient to do so, or because greater precision e.au bo at¬ 
tained by indirect mothods. The form of tho function /«’ and tho 
numerical values of all of the constants n, b, c., etc., appearing in 
it, are given by theory. The quantities aq, x- i} etc., represent 
the numerics of directly measured magnitudes. In Hm following 
pages indirect measurements belonging to this class will sometimes 
bo referred to as derived measurements. 

As an illustration wo may cite tho determination of the density 
s of a solid sphero from dircot measurements of its mass M and 
its diameter D with tho aid of tho relation 

M 

$ • ttD 3 

Comparing this expression with tho general formula givon aboyo, 
we note that s corresponds to y, M to oq, I) to x 2 , to a, tt to b, 

and that F represents tho function 7 -—*. Tho form of tho funo- 

7r/> 


'ii is given by the definition of density ns the ratio of the mass 
the volume of a body and the numerical constants £ and ir are 
am by the known relation between tiio volume and diameter of 
sphere. 

II. 

In the second class of indirect measurements, the numerical 
istantsa, b, c, etc., are the unknown quantities to bo computed, 
i form of the function F is known, and nil of Urn quantities y } 
xs, etc., are obtained by direct measurements or given by 
»ory. The functions met with in this class of measurements 
.mlly represent a continuous variation of the quantity y with 
ipect to the quantities Xi, x 2 , etc., as independent variables, 
mce the result of a direct measurement of y will depend on tho 
rtieular values of aq, x 2 , etc., that obtain at the time of the 
nsumnent. Consequently, in computing the constants a, b, c, 
we must be careful to use only corresponding values of the 
insured quantities, i.e., values that are, or would ho, obtained 
coincident observations on the several magnitudes. 

Every set of corresponding values of the variables y, xi, x 2 , etc., 
ion used in connection with the given function, gives an algebraic 
ntion between the unknown quantities a, b, c, etc., involving 
ly numerical coefficients and absolute terms. When wo have 
ained as many independent equations as thcro arc unknown 
antities, the latter may bo determined by tho usual algebraic 
hhods. We shall see, however, that more precise results cun 
obtained when the number of independent measurements far 
mods the minimum limit thus set and tho computation is nmdo 
special methods to be described hereafter. 

The determination of the initial length L 0 and tho coefficient of 
ear expansion a of a metallic bar from a series of measurements 
the lengths L t corresponding to different temperatures t with tho 
l of the functional relation 

Tj( ~ /jo (1 d~ at) 

m example of the class of measurements hero considered. Such 
:asuremcnls aro sometimes called determinations of empirical 
\stants. 


Ill. 


The third class of indirect measurements includes all cases in 
which each of a number of directly measured quantifies i/ tl }/■>, y 3) 
etc., is a given function of the unknown quantities .iq, :r-., x% etc., 
and certain known numerical constants a, h, etc. In such eases 
we have as many equations of the form 

|/i = Ft fa, Sa, Sa, ■ • ■ «,M, . . . ), 
ya = Ft fa,:c 2 ,.l 3j . . . • • • ), 

as there arc measured quantities iy 1( i/ 2 , etc. 'Phis number must, 
be at least as great as the number of unknowns .rt, .r-j, etc., and 

may be much greater. 
Tim functions l'\, l<\ 
etc., are frequently dif¬ 
ferent in form and some 
of litem may not enu- 
Ittiti till of the un¬ 
knowns. 'Pin* numeri¬ 
cal constants, appearing 
in different functions, 
are generally diifeivn!,. 
But the form of each 
of tin' functions and 
Iho values of all of the 
constants must be 
known before a solu¬ 
tion of the problem is 
possible. 

Problems of this type 
are frequently mot with 
in astronomy and geod¬ 
esy. One of the simplest is known as the adjustment of the 
angles about a point. Tims, let it he required to Hud tho most 
probable values of tho angles a;,, .t 2> and Pig. I, from direct 
measurements of y„ y i} y 3 , . . . m , \ lx t j lia otlSO t | l0 gencm l 
equations take the form 




2/i = an, 

1)2 = .t'l + $ 2 , 

2/3 = x, + a;* + 

2/4 = x 8l 

1)6 - $2 + Xg, 

1)6 “ Sj, 

[ all of t-bc numerical constants are either unity or zero. The 
ition of such problems will he discussed in the chapter on the 
i,hod of least squares. 

o. Determination of Functional Relations. — When the form 
the functional relation between the observed mid unknown 
jrnitudes is not known, the solution of the problem requires 
lothiug more than measurement and computation. In somo 
3s n study of the theory of the observed phenomena, in edi¬ 
tion with that of allied phenomena, will suggest the form of the 
uired function. Otherwise, a tentative form must be assumed 
;r a careful study of the observations themselves, generally by 
pineal methods. In either ease the constants of the assumed 
ction must be determined by indirect measurements and tho 
jits tested by a comparison of the observed and the computed 
jcs of the related quantities. If these values agree within tho 
idcntal errors of observation, the assumed function may bo 
pted as an empirical representation of tho phenomena. Tf 
agreement is not sufficiently close, the form of the function 
nodified, in a manner suggested by the observations, and the 
cess of computation and comparison is repeated until a satis- 
;ory agreement is obtained. A moro detailed treatment of 
h processes will bo found in Chapter XIIT. 
i. Adjustment, Setting, and Observation of Instruments.— 
st of the magnitudes dealt with in physics and engineering 
determined by indirect measurements. Rut wo have seen 
t all such quantities arc dependent upon and computed from 
setly measured quantities. Consequently, a study of tho 
-hods and precision of direct measurement is of fundamental 
'ortance. 

n general, every direct measurement involves three distinct 
rations. First: the instrument adopted is so placed that its 



measured aim all ol its parts operate wnootiuy m the numuer uticl 
direction prescribed by theory. Operations of this nature aro 
called adjustments. .Second: the reference lino of the instru¬ 
ment is moved, or allowed to move, in the manner demanded by 
theory, until it coincides with a mark chosen as a point of refenmeo 
on the measured magnitude. Wo shall refer to this operation as a 
sotting of the instrument. Third: tlm position of the. index of 
the instrument, with respect to its graduated scale, is read. This 
is an observation. 

As an illustration, consider Lho measurement of the normal 
distance botween two parallel linos with a micrometer microscope. 
The instrument must bo so mounted that it can be rigidly dumped, 
in any desired position or moved freely in the direction of its 
optical axis without disturbing the direction of the micromotor 
scrow. The following adjustments aro necessary: the axis of tlm 
micrometer scrow must bo made parallel to the plane of (ho Uvo 
lines and perpendicular to a normal plane through one of them; 
tlio eyepiece must bo so placed that the. eross-lmir* arc sharply 
defined; the microseopo must be moved, in tint direction of its 
optica! axis, until the image of tho two lines, or one of them if tlio 
normal distance between them is greater than tho field of view 
of the microscope, is in the same piano with the cross-hairs. The 
latter adjustment is correct when there is no parallax betwoon tlm 
image of tho lines and tho cross-hairs. Tlm setting is mndo by 
turning the micromotor head until tho intersection of tho cross¬ 
hairs bisects tho imago of ono of tho linos. Finally tho reading 
of the micrometer scalo is observed. A similar Rotting and ob¬ 
servation are mado on tho other lino and tho diffonmeo bolwcon 
the two observations gives the normal distance between the two 
lines in terms of the scale of tlio micromotor. 

12. Record of Observations. — In tho preceding article, tho 
word “observation” is used in a very much rostn'etod sonso to 
indicate merely the scalo rending of a measuring instrument. 
This restriction is convoniont in dealing with tho technique of 
measurement, but many other circumstances, affecting tho nocu¬ 
racy of the result, must bo observed and taken into account in a 
complete study of the phenomena cousiderod. Thoro is, howovor 
little danger of confusion in using the word in tlm two difforoni 
senses sinco tho more rostriotod meaning is in reality only* 




cial case of tho general. The particular significance intended 
my -special case is generally clear from the context. 

L'lu! first essential for accurate measurements is a clear and 
erly record of all of the observations. The record should begin 
li a concise description of the magnitude to be measured, and 
instruments ami methods adopted for the purpose. Instru- 
uhs may frequently be described, with sufficient precision, by 
.ing (.heu* name, and number or other distinguishing mark, 
tliods an* gem-rally specified by reference to theoretical treatises 
notes. The adjustment and graduation of the instruments 
add be clonrlj' .stated. The date on which the work is carried 
. and tins location of the apparatus should bo noted. 
Observations, in the restricted sense, should be neatly arranged 
tabular form. The columns of the table should be so headed, 
1 referred to by subsidiary notes, that tho exact significance of 
of the recorded figures will be clearly understood at any future 
ie. All circumstances likely to affect the accuracy of the 
asuremeuts should be ciu-ofully observed and recorded in the 
ile or in suitably placed explanatory notes. 

Dbservations should lie recorded exactly ns taken from tho 
rmncnls with winch they are made, without mental compula- 
i or reduction of any kind even tho simplest. For example: 
on a micrometer head is divided into any number of parts 
-or than ten or one hundred, it is bettor to uso two columns in 
: table and record tho reading of the main scale in one and 
t of tho micrometer head in the other than to reduce tho head 
ding to a decimal mentally and enter it in Urn samo column 
h the main scale reading. This is hecauso mistakes are likely 
be made in such mental calculations, ovon by tho most expe- 
lced observers, and, when the final reduction of the observations 
mdcrtnkcn at a future time, it is frequently difficult or impos- 
le to decide whether a large deviation of a sioglo observation 
in the mean of tho others is duo to an accidental error of obscr- 
■ion or to a mistake in such a mental calculation. 

13. Independent, Dependent, and Conditioned Measure- 
nts. — Measurements on the same or different magnitudes aro 
:1 to be independent when both of tho following specifications 
fulfilled: first, the measured magnitudes aro not required to 
isfy a rigorous mathematical relation among themselves; 
oud, tho same observation is not used in the computation of 



oil that observation and any error in tho position of the zero mark 
affects all of them by exactly llio Maine amount. When the position 
of the index relative to the scale of the measuring instrument is 
visible while the settings arc being made, them is a marked tendency 
to set the instrument so that successive observations will he exactly 
alike rather than to mako an independent judgment of the 1 lisecl.ion 
of the chosen mark in each case. Tim observations, corresponding 
to settings made in this maimer, are biased by a preconceived 
notion regarding the correct position of the index and the measure¬ 
ments computed from them me. not independent,. Tim impor¬ 
tance of avoiding faulty observations of this typo cannot be too 
strongly emphasized. They not only vitiate the results of our 
measurements, but also rondor a determination of their precision 
impossible. 

Measurements that do not satisfy the first of the above speci¬ 
fications arc called conditioned measurements. The different 
determinations of each of tho related quantities may or 111113' wit 
be independent, according as they do or do not satisfy tho second 
specification, but the adjusted results of all of the measurements 
must satisfy the given mathematical relation. Thun, we may 
mako a number of independent measurements of each of the 
angles of a piano trinnglo, but the moan results must he so adjusted 
that tho sum of the accepted values is liquid to erne hundred and 
eighty degreos. 

14. Errors and the Precision of Measurements. — Owing to 
unavoidable imperfections and lack of constant sensitiveness in 
our instruments, and to tho natural limit to tho keenness of our 
senses, tho results of our observations and measurements differ 
somewhat from tho fcruo numeric of tho observed magnitude. 
Such differences are called errors of observation or measurement. 
Some of them are duo to known causes and enu he eliminated, 
with sufficient accuracy, hy suitable computations. Others nro 
apparently accidental in nature and arbitrary in magnitude, 
i heir probable distribution, in regard to magnitude and frequency 



fioient number of independent measurement* is available. 

Hie precision of a measurement is the degree of approximation 
:li which it represents the true numeric of the observed mngni- 
le. Usually our measurements serve only to determine tho 
ibable limits within which the desired numeric lies. Looked 
row this point of view, tho precision of a measurement may bo 
tsidered to be inversely proportional to the difference between 
: limits thus determined. It increases with the accuracy, 
iptnhilily, and sensitiveness of the instruments used, and with 
skill ami earn of the observer. But, after a very modernto 
cision has been attained, the labor and expense necessary for 
(her increase is very great in proportion to the result obtained. 
V measurement is of little practical value unless we know tho 
cision with which it represents tin: observed magnitude, 
nee the importance of a thorough study of the nature and dis- 
nition of errors in genera! and of tins particular errors that 
imetomo an adopted method of measurement. At first sight 
night seem incredible that such errors should follow a definite 
thcmntical law. Hut, when the number of observations is 
fieicnt-ly great, wc shall see tlmt tho theory of probability loads 
a definite and easily calculated measure of the precision of a 
$lc observation and of tho result computed from a number 
jbscrvatlons. 

5. Use of Significant Figures. — When recording tho nu- 
rical results of observations or measurements, and during all 
the necessary computations, tho number of significant figures 
doyed should be sufficient to express (he attained precision 
1 no more. By significant figures we mean the nine digits and 
os when not used merely to locate the decimal point. 
n the ease of tin; direct observation of the indications of instui- 
lts, the above specification is usually sufficiently fulfilled by 
iwing the last recorded significant figure to represent the 
mated tenth of the smallest division of the graduated scale. 

• example: in measuring the length of a line, with a sealo 
ided in millimeters, the position of tho cuds of (ho line would 
recorded to the nearest estimated tenth of a millimeter, 
icnernlly, computed results should bo so recorded that tho 
iting values, used to express the attained precision, differ by 
a few units in the last one or two significant figuros. Thus: 







l&./i mimmcicvs, \VU smiinu WIIW mimiuaan u* mi! ICSUU, 

of our measurement. The use of u larger number of significant 
figures-would be not only n waste of space and labor, but also a 
false representation of the precision of the. result. Most of the 
magnitudes wc arc called upon to measure an? incommensurnblo 
with the chosen unit, and hence there is no limit to tin* number 
of significant figures that might be used if wo chose to do so; but 
experienced observers are always careful to express all observa¬ 
tions and results and carry out all computations with a number 
just sufficient to represent the attained precision. The use of 
too many or too few significant figures is strong evidence of inex¬ 
perience or carelessness in making observations mid computations. 
More specific rules for determining tin* number of significant 
figures to be used in special cases will he developed in romieetioii 
with the methods for determining the precision of measurements. 

The number of significant figures in any numerical expression 
is entirely independent of the position of the decimal point. 
Thus: each of the numbers 5,700,000, 57(10, 57.01), and (U)0()fi7G9 
is expressed by four significant figures and represents the corre¬ 
sponding magnitude within ono-tonth of one per emit, notwith¬ 
standing tho fact that the different numbers correspond to differ¬ 
ent magnitudes. In general, the location of tho decimal point 
shows tho order of magnitude of the quantity represented mul 
the number of significant figures indienlos the precision with which 
the actual numeric of the quantity is known. 

In writing very large or very small numbers, it is convenient 
to indicate the position of the decimal point by means of a positivo 
or negative power of ten. Thus: tho number 50,'100,000 may 
be written 504 X 10 6 or, better, 5.04 X 10 7 , and 0.000075 may 
be written 75 X 10 Hl or 7.5 X 10" B . Whon a large number of 
numerical observations or results are to be tabulated or used in 
computation, a considerable amount of limo and space is saved 
by adopting this method of representation. Tho second of tho 
two forms, illustrated above, is very convoniont in milking com¬ 
putations by menus of logarithms, as in this case tho power of 
ten always represents tho characteristic of the logarithm of tho 
corresponding number. 

In rounding numbers to the required numbor of significant 
figures, tho digit in tho last placo held should bo inoroased by one 



t when the digit in the next lowev place is greater than five, 
left unchanged when the neglected part is less than fivo- 
ths of a unit. When the neglected part is exactly five-tenths 
i unit the last digit held is increased by one if odd, and left 
hanged if even. Thus: 5087.5 would be rounded to 5G88 and 
0.5 to 5080. 

6 . Adjustment of Measurements. —- The results of inde- 
cU-nt measurements of the sdme magnitude by the same or 
went methods seldom agree with one another. This is due to 
fact that the probability for the occurrence of errors of exactly 
same character and magnitude in the different eases is very 
ill indeed. lienee we are led to the problem of determining 

best or most probable value of the numeric of the observed 
Altitude from a series of discordant measurements. The given 
a may be all of the same precision or it may he necessary to 
gu a different degree of accuracy to the different measure- 
its. In either case the solution of the problem is called tho 
nstment of the measurements. 

'he principle of least squares, developed in the theory of errors 
t leads to the measure of precision cited abovo, is the basis 
ill such adjustments. But the particular method of solution 
>pted in any given case depends on tho nature of the mensurc- 
its considered. In t.ho. case of a series of direct, equally pro- 
, measurements of a single quantity, tho principle of least 
ares lends to the arithmetical moan as tho most prolmblo, mid 
reforo tho best, value to assign to tho measured quantity, 
s is also the value that lias been universally adopted on a priori 
unds. In fact many authors assume the maximum probability 
die arithmetical moan as tho axiomatic basis for the dovclop- 
it of the law of errors. 

’he determination of empirical relations between measured 
inlitios and the constants that enter into them is also based 
the principle of least squares. Tor this reason, such detor- 
lations are treated in connection with the discussion of tho 
thods for the adjustment of measurements. 

7 . Discussion of Instruments and Methods. — The theory 
;rrors finds another very important, application in the discussion 
die relative availablcness and accuracy of different instruments 
1 methods of measurement. Used in connection with a few 
liminary measurements and a thorough knowledge of tho 





for the determination me proiiaiue precision m at, t-xlomled 
series of careful observation*. *V v Mlrl1 m( ‘ !llls we arc nUe to 
select llio instruments and method* I'*'*! udaplnl hi Mu- particular 
purpose in view. We nlsu Income iiequumtcd with the parts of 
the investigation Hint require (In* nivule.st shill and cure in order 
to give n result with tire desired precision. 

The cost of instruments mid the lime und shill required in 
carrying out the measurement* increase much more rapidly than 
tho corresponding precision of the result*. lienee these factors 
must bo taken into account in determining Hie availalileness of a 
proposed method. It is hy no menu* always necessary In strive 
for the greatest altuhiuhle precision, in fuel, if would ho a 
waste of time and money to carry out a given measurement with 
greater precision than is required for the n-e to which it is lobe 
put. For many practical purposes, a result correct within one* 
tenth of one per cent, or even one per coni, is amply snllicinnt. 
In such eases it is essential to adopt apparatus mul methods that 
will give results definitely within these limits without incurring 
the greater cost and labor noeussury for morn pruoino deter¬ 
minations. 



CHAPTER III. 

CLASSIFICATION OF ERRORS. 


\ll measurements, of whatever nature, are subject to three 
tinct dasses of errors, namely, constant errors, mistakes, and 
.idcnlal errors. 

[8. Constant Errors. — Errors that can be determined in 
n and magnitude by compulations bused on a theoretical 
usidcration of the method of measurement used or on a pro- 
linary study and calibration of the instruments adopted are 
led constant errors. They am sometimes due to inadequacy of 
adopted method of measurement, but more frequently to 
.cciiratc graduation and imperfect adjustment of instruments. 
\s a simple illustration, consider the measurement of the 
gth of a straight lino with a graduated scale. If the scale is 
i. held exactly parallel to the line, the result will be too great 
too small according as the line of sight in reading tho scale is 
umd to the line or to the. scale. The magnitude of the error 
is introduced depends on the angle between Lite lino and the 
le and cau be exactly computed when we know this angle and 
; circumstances of tho observations. If the scale is not straight, 
ts divisions are irregular, or if they are not of standard length, 
> result of the measurement will be in error by an amount 
lending on the magnitude and distribution of those inaccuracies 
construction. The sign and magnitude of such errors ran 
id-ally be determined by a careful study nml calibration of tho 
.le. 

If M represents tho actual numeric of the measured magnitude, 
i tho observed numeric, and C h C 2 , C 3 , etc., the constant errors 
icrout in the method of measurement and tho instruments used, 
J\I =» M 0 C j -j- C« -j- C 3 . (1) 

c necessary number of correction terms Ch, C' 2 , C 3 , etc., is 
:ermincd by a careful study of the theory and practical nppli- 
■iou of the apparatus and method used in finding M„. Tho 
gnitude and sign of each term are determined by subsidiary 
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data. Tims, in the above illustration, suppose I'ml the mi \ lS j s 
straight and uniformly graduated, lhat oarli nl ils division j 8 
1.01 times as long as llm unit in which it is supposed in U> gradu¬ 
ated, and that the lino of the graduulioiis makes nil angle « with 
the lino to be measured. Under Mieso eoiidiliniis, Mm number of 
correction terms reduces to two: tin* lirst, I',, due to Mm 
length of the sonlo divisions, and I In* second, i '■>, due lo the hick 
of parallelism between the scale and Mie line. 

Since the actual length of each division is I.IH, the length 0 f 
Mo divisions, i.o., the length tlml, would have been observed on 
an accurate scale, is 

Mi « Ah X 1.01 - M a I 11.01 M„ - ■ Mu I- 

C,« + 0.(UiV 0 . 

If the line of sight is normal to Hie lint' in making l he observa¬ 
tions, tho length itfa tlml would tmve been obtained if Mie scale 
had been properly placed is 

M a =» il/o cos a — • | • f 

Ca = ““/l/o (t * • cos <r) • 3 M { , sin a [*) 

and (1) telcos the. form 

+ 0.01 Mo -ad/ U Hiii»;;, 

Jt 

“ji/ u (t *i-o.ot ~ a Nil,*:;). 

The precision with which it is m'niwiiry to delmnino Ihe cor¬ 
rection terms 0], Ca, etc.., and fretiuenlly the number of tlieso 
terms that should be employed depends on the preeisiou with 
which the observed numeric M n is deiermined. [f ,1/,, is measured 
within one-tonlh of ono per emit of its magnitude, fho several 
correction terms should ho determined within mu' one-hundredth 
of ono per cent of M Ql in order Lhat Ihe uegleeb-d part of I he sum 
of tho corrections may bo less limn one-lmlli of one p,-r eeid. of 
Mo. If nny correction term is found lo be less limn Ihe above 
limit, it may bo neglected entirely since it U obviously useless 

to apply a correction that is less Mum one-tenlh of (ho uncer¬ 
tainty of M o. 

In our illustration, suppose that the precision is sueh lhat we 
are sure that M 0 is less than 1.57 millimeters and greuler than 


'5 millimeters, hut is not suflicient to give the fourth significant 
lire within several units. Obviously, it would be useless to 
Pennine C\ and Ci closer than 0.001 millimeter, and if the mag- 
ude of either of these quantities is less than 0 . 1)01 millimeter 
r knowledge of the true value of M is not increased by making 
i corrcs])onding correction. In fact, it is usually impossible 
determine the C's with greater accuracy than the above limit, 
ice, as in our illustration, AI 0 is usually a factor in the correction 
ms. Hence the writing down of more Ilian the required nam- 
i- of significant figures is mere waste of labor. 

When considering the availableness of proposed methods and 
pa rat us, it is important to investigate tho nature and mugiu- 
le of the constant errors inherent in their use. It sometimes 
ppens that the sources of such errors can be sufficiently elimi- 
ted by suitable adjustment of the instruments or modification 
tho method of observation. When this is noL possible the 
ulitions should be so chosen that the correction terms can be 
nputed with the required precision, liven when all possible 
.‘cautions have been taken, it very seldom happens that tho 
u of tho constant errors reduces to zero or that the mngni- 
Ic of the necessary corrections can be exactly determined, 
urcovcr, such errors nrc never rigorously constant, but present 
all fortuitous variations, which, to some extent, arc indistinguish- 
1 c from the accidental errors to be described lator. 

A. more detailed discussion of constant errors and the limits 
.bin which they should bo determined will be given after wo 
vc developed the methods for estimating tho precision of tho 
served numeric M. 

19 . Personal Errors. — When setting cross-hairs, or any other 
healing device, to bisect a chosen mark, some observers will 
'ariably set- too far to one side of the center, while others will 
consistently set on the other side. Again, in timing a transit, 
nc persons will signal too soon and others too Into. With 
pericncecl and careful observers, the errors introduced in this 
inner nrc small and nearly constant in magnitude and sign, 
t they are seldom entirely negligible when the highest possible) 
2 oisioii is sought. 

Errors of tin's nature will be called personal errors, since their 
ignitndc and sign depend on personal peculiarities of the 
server. Their elimination may sometimes be effected by a 





of the effects produced by l hem mulcr llie romhlions imposed 
by the particular problem considered. Suitable methods for this 
purpose arc available in coimerlion with must nf (be iuvrsti^a- 
lions in which an exact knowledge *»f I be personal error in essential, 
Such a study is fmiuently referred (o as a delemdnalitm of (he 
"Personal lSquatiou’' of the observer. 

20 . Mistakes. — Mistakes are emus due lo rending the indi¬ 
cations of an instrument carelessly or In a faulty record of the 
observations. The most frei|iicnl of llicse mv llio following : 
the wrong integer is placed before an ucenrale fraelioiml reading, 
c.g., 9.G8 for ID.GS; the reading is made in ilte wrong direction of 
the scale, c.g., 0.8 for f>.7; the signilieaid figures of a number nro 
transposed, c.g., f)G is written for I’m. (’are and strict attention 
to tho work in iiaml are the only safeguard* against such mistaken. 

When a large manlier of observations have been systematically 
taken and recorded, it is sometimes possible lo reel if,v an obvious 
mistake, but unless this ran be done wilh certainly Ibe oll'emling 
observation should be dropped from the series. This slulemcnt 
does not apply to an observation showing a largo deviat ion from 
the mean but only to obvious mislukcs. 

2 1. Accidental Errors. When a series of independent meas¬ 
urements of the same, magnitude have been made, by the same 
method and apparatus mill willi equal erne, (In* results generally 
differ among themselves by several units in I be last one or two 
significant figures. If in any case tiny are found lo be identical, 
it is probable Unit the observations were not independent, tho 
instruments adopted were not sullicienlly sensitive, the maximum 
precision attainable was not utilized, or the observations wero 
carelessly made. Kxnotly concordant measurements me quite as 
strong evidence of iimmimto observation us widely divergent 
ones. 

As the accuracy of method and the sensitiveness of instrument* 
is increased, the number of concordant figures in (be result in¬ 
creases but differences always occur in I lie last at luinable figures. 
Sinco thoro is, genovally, no reason to suppose (Imt any one of the 
measurements is more aecural-c than any other, we are led to 
bclievo that they arc nil affected by small unavoidable errors. 

After all constant errors and niixlakes haw hern currrr(ril , Hu: rc- 
maining differences between the individual measurements and the true 



eric of the measured magnitude are called accidental errors. 

are due to the combined action of a large number of indo¬ 
lent causes each of which is equally likely to produce a posi- 
or a negative effect. Probably most of them have their 
n in small fortuitous variations in the sensitiveness and 
■stment of our instruments and in the keenness of our senses 
ght, hearing, and touch. It is also possible that the eoiTda- 
of our sense perceptions and the judgments that wo draw 
i them are not always vigorously the same under the same 
jf stimuli. 

jppo.se that N measurements of the same {quantity have boon 
o by the sjime method and with equal care. Let rq, cq, a$, 
a lV represent the several results of the independent meus- 
lcnts, after all constant errors and mistakes have been elim- 
;*d, ami let A” represent the true numeric of tho measured 
nitude. Then the accidental errors of tho individual measure- 
ts arc given by the differences, 

= 0[ — A, A 2 — (it — X, As = its — A, . . . A jV -= a,v—A. (2) 

accidental errors Ai, A 2 , . . , A^ thus defined arc sometimes 
:d the true errors of tho observations a h at, ... at*. 

>. Residuals. — Since the individual measurements at, 
n,v differ among themselves, and since there is no reason to 
lose that any one. of them is moro accurate than any other, it 
iver possible to determine the exact magnitude of the numeric 
lienee the magnitude of the accidental errors Ai, A 2 , . . . A^ 
never bo exactly determined. But, if x is the most probable 
0 that we can assign to the numeric A r on the basis of our 
surements, we can determine the differences 

ri - a\ ~ x, rt = a-i — x, . . . r N - a N — x. (3) 

>e differences are called Ihc residuals of Ike individual measure¬ 
's a 1 , a 2 , . . . aff. They represent tho most probable values 
we can assign to the accidental errors Ai, A?, . . . A.vontho 
3 of the given measurements. 

should be continually borne in mind that the residuals tints 
mimed are never identical with the accidental errors. How- 
precise our measurements may be, the probability that x is 
tly equal to X is always less than unity. As tho number 
precision of measurement* increase, the difference between 
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the most probable mimorio (bat can Ik* assigned lo llm measured 
quantity and making mi estimate of tho precision of Mm result 
thus obtained. A dismission of the fundamental principles of 
the theory of probability, suflicient for Ibis purpose, is given in 
most textbooks on advanced algebra, and I ho student. should 
master them before undertaking Urn study of Urn (henry of errors, 

For the sake of convenience in reference, (he three most useful 
propositions aro stated below without proof. 

Proposition!. If an event can happen in n independent 
ways and either happen or fail in AT independent ways, (he prolj. 
ability p that it will occur in a Mingle trial at random is given by 
the relation 

w 

C'l) 

Also if p' is tho probability that it will fail in a Mingle (rial at 
random, 

( 8 ). 

Proposition 2. If tho probabilities for (ho separate ooeuiTonco 
of nmclepomlontovonUaromsiMMitivtily/n,/),, , . . /),„ Mu! prob¬ 
ability P s that somo ono of these nvenU will oeeiir in a Mingle trial 
at random ia given by the relation 

Ps « Pi -h Vi -i- p 3 -I- • ■ • -|"/V (0) 

Proposition 3. If tho probabilities for the separate nooiimmoo 
ol n independent ovents nro respoolivoly ;n, ]h, . . . p n , tho 
probability P that nil of the ovontn will oamir at (ho Mama timo is 
given by tho relation 

P^ViXpiX - * • Xp„. 


(7) 


CHAPTER IV. 

THE LAW OF ACCIDENTAL ERRORS. 


Fundamental Propositions. — The theory of accidental 
;s is based on the principle of the arithmetical moan and the 
e axioms of accidental errors. When the word “ error ” is used 
out qualification, in the statement of these propositions and 
ic following pages, accidental errors arc to be understood. 
•'inciple of tlic Arithmetical Mean. — The most probable value 
can be assigned to the numeric of a measured magnitude, on 
>asis of a number of equally trustworthy direct measurements, 
c arithmetical mean of the given measurements, 
lis proposition is self-evident in the ease of two independent 
smeincnts, made by the same method with equal care, since 
of them is as likely to be exact as the other, and hence it is 
5 probable that the true numorie lies halfway between them 
; in any other location. Its extension to moi'e than two 
surements is the only rational assumption that wo can make 
is sanctioned by universal usage. 

■rat Axiom. — In any large number of measurements, positive 
negative errors of the same magnitude are equally likely to 
r. The number of negative errors is equal to the number 
ositivc errors. 

:cond Axiom. — Small errors are much more likely to occur 
i largo ones, 

hird Axiom. — All of the errors of the measurements in a 
n scries lie between equal positive and negative limits. Very 
i errors do not occur. 

lie foundation of these propositions is the same as that of tlio 
ms of geometry. Namely: they arc general statements that 
ldmittcd as self-evident or accepted as a basis of argument by 
loinpetent persons. Their justification lies in the fact that 
results derived from them arc found to bo in agreement with 
donee. 

Distribution of Residuals. — It. was pointed out in articlo 
ity-Uvo that the true accidental errors, represented by A’s, 
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(3). Tlic A's nmy lio considered ns the linu(iu^ values |owarcl 
which tlwr’s approach as llu* number of observations is indctinUcly 
increased. If the residuals corresponding hi a very largo num¬ 
ber of observations mi* arranged in groups according lo .sifru,an<l 
magnitude, the groups containing very small positive or negnlivo 
residuals will be found to lie lhe largest, anil, in general, Hie magim 
tude of the groups will decrease nearly uniforinly as (lie magnitude 
of the contained residuals increases cither positively or negatively. 
J,cl n represent tlie number of residuals in any group, am! r their 
common magnitude, then tin* distribution of tin- residuals, in 
regard to sign and magnitude, may lie represented graphically 
by laying off ordinates proportional lo Iho numbers n against 


n 



abscissa proportional to the corresponding magnitudes r, Tlio 
points, thus located, will lie approximately uniformly dislribnted 
about a curve of the general form illu.struled in Kig. 2. 

The number of residuals in each group will increase with tlio 
total number of measurements from which the ?•’.* are computed. 
Consequently (ho ordinates of (he curve in Kig, 2 will depend on 
tho number of observations considered as well as on their accuracy. 
Honco, if wo wish to compare different series of measurements with 
regard to accuracy, we must in some way eliminate the effect, of 
difforeneos in the number of observations. Moreover, we are not 
so much concerned with dm total number of residuals of any given 
magnitude as with tlio relative number of residuals of different 
magnitudes, tor, ns we shall nee, Hie aeurney of a series of 
observations depends on flm ratio of the number of small errors 
to the number of large ones. 

Probability of Residuals.' ■ Suppose ilmf a very large 
rium oi A of independent measurements have been made uml that 


[•responding residuals have been computed by equation (3). 
ranging the results in groups according to sign and magni- 
mppose we find m residuals of magnitude >*i, »2 of nmgni- 
2 , etc., and a/ of magnitude — r,, n% of magnitude — >’ 2 , etc. 
choose one of the measurements at random, the probability 

:hc roire.spomling residual is equal to r t is since there 

residuals and n\ of them are equal to r x , In general, if ?/i, y 2 , 
h\ y-i', • • • represent the probabilities for the occurrence 
'duals equal to ?*j, 7 % ...” n, — r 2 , . . . respectively, 


«i 


«9 


yi ~N' V 2 ~N’ 


u >- n * u'- n * 

• ~7T ’ Vt 


• ( 8 ) 


011 N is increased by increasing the number of measurements, 
ef the a’s is increased in nearly the same ratio since the 
uls of the new measurements arc distributed in essentially 
1111 c maimer as the old ones, provided all of the mensurc- 
eonsidored arc mado by the same method and with equal 
Consequently, the. y’ s corresponding to a definite method 
ervation arc nearly independent of the number of mensuro- 
. As N increases they oscillate, with continually decroas- 
nplitudo, about the limiting values that would be obtained 
m infinite number of observations. IToncc the form of a 
, having y’s for ordinates and corresponding r’s for abseissio, 
ds 011 the accuracy of the measurements considered and is 
ly independent of A r , provided it is a largo number. 

The Unit Error. — TI 10 relative accuracy of different 
of measurements might be studied with the aid of the corrc- 
iug y : r curves, but since the y'\ s ruv abstract numbers, and 
* arc concrete, being of the same kind as the measurements, 
letter to adopt a slightly different mode of representation, 
ns purpose, each of the r’s is divided by an arbitrary con- 
k, of the same kind as the measurements, and the abstract 

ersr-> fi etc., are used as abscissic in place of tho r’s. In 

llowing pages, k wilf be called the unit error. Its magnitude 
be arbitrarily chosen in particular cases, hut, when not 
tcly specified to the contrary, it will be taken equal to the 
magnitude that can be. directly observed with the instm- 
5 and methods used in making tho measurements. To 





divided in millimeters. by estimation, Urn separate observations 
can be mado to one-tenth of a millimeter. I Imre, in this ease 
we should take k equal to one-tenth of a millimeter. 

If the residuals are arranged in the order of inerensing magni¬ 
tude, it is obvious that the successive dilfeivures r, — >•„, ,- 3 _ r 
etc., nro al! equal to k. Hence, if the most probable value of the 
measured quantity, x in eqimtion CO, is (aken lo (he samo num¬ 
ber of significant figures as (ho individual measurements, nil of 
the residuals arc integral multiple* of h and we have 
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28 . The Probability Curve.-—Tim result of a Ntudy of the 
distribution of Urn residuals may bo urmnged ns illustrated in the 
following table, where n \h tin? number uf reMiduals uf magnitude 
r; y is Urn probability that a single residual, ehoseu al, random, is 
of magmUulo r; jV is tho total number of measurements, and k is 
tbo unit error. 
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Plotting y against - wo obtain 2 p disrretn pninls as in Pig. 3. 

When AT is largo, these. points are somewhat symmetrically dis- 
Lnbutod about a curve of tho general form illustrated by tho 
dotted lino. If a larger number of observations is eousidored, 









f the points will bn shifted upward while others will bo 
downward, but the distribution will remain approxi* 
symmetrical with respect to the same curve. In general, 
tve equal increments to N cause shifts of continually do¬ 
te magnitude; and in the limit, when becomes equal to 
, and the residuals are equal to the accidental errors, the 
would be on a uniform curve symmetrical to the >/o ordi- 
Thc curve thus determined represents the relation between 
gnitndc of an error and the probability of its occurrence 
von series of measurements. For this reason it is called 
babilily curve. 



Systems of Errors. — The coordinates of the probability 

,rc y and^j, since it represents the distribution of the true 

tnl errors Aj, A s , etc., in regard to relative frequency and 
ulc. Since the curve is uniform, it represents not only 
rs of the actual observations, but also the distribution of 
10 accidental errors that would be found if'the. sonsilivo- 
our instruments were infinitely increased and an infinito 
of observations were made, provided only Umt all of the 
tioiis were made with the same degree of precision and 
independently. 

the errors represented by a curve of this type belong to a 
system, chumctemcd by the magnitude of the maximum 
> 7/0 and the slope of the curve. Hence, every probability 
^presents a definite system of errors. It also represents 
dental errors of a series of measurements of definite pre- 
Hcucc, the accidental errors of scries of measurements of 
t precision belong to different systems, and each series 
domed by a definite system of errors, 
probability curves A and B in Fig. 4 represent tho systems 




precision. As tho precision m measurement is increased q j 3 
obvious that tho number of small emus will increase 1 ’c‘lutivclv 
(o the number of large ones. <'oiisec|iieidly Hie probability of 
small errors will bo greater ami 11 ml of large ones will lu> less j n 
the more precise .series/I (Imn in (lie less precise series //. IToncc 
the curve A bus n greater maximum ordinate and slopes i iU) f c 
rapidly toward the horizontal axis Hum the curve. //. 


// 



30 . The Probability Function. The maximum ordiimlc mid 
the slope of llio probability curve depend on Hie eniistmits Hint 
appear in tho equation of the curve. When \vc know the foi*m 
of the equation and have u uiolhod of dclenuining the numerical 
value of the constants, wo are able to delermine Hie relative pre¬ 
cision of different series of measurements. Since the curve repre¬ 
sents the distribution of the. trim noeiilrutnl errors, we m e also able 
to compare tho distribution of these errors wiLli ( 1 ml of the resid¬ 
uals and thus develop workable metlmils for lindiup; I he most 
probable numeric of tho measured magnitude. 

It is obvious, from an inspection of Kirs, ;l and -I, Hint ?/ is a 
continuous function of A f decreasing very rapidly 11 s llio magni¬ 
tude of A increases either positively or negatively mid .symmetrical 
with respect to the y axis. Houeo, the probability ourvo tmg- 
gests an equation in the form 


■ e is the base of the Napierian system of logarithms, w is a 
suit depending on the precision of the scries of measurements 
lered, and the other variables have been defined above, 
equation can be derived analytically from the three axioms 
:idenlal errors, with the aid of several plausible assumptions 
.ling the constitution of such errors, or from the principle 
a arithmetical mean. However, the strongest evidence of 
nctness lies in the fact that it gives results in substantial 
incut with experience. Consequently, we will adopt it as an 
•ical relation, and proceed to show that it is in conformity 
the three axioms and leads to the arithmetical moan as the 
probable numeric derivable from a aeries of equally good 
cadent measurements of the same magnitude, 
nation (0) is the mathematical expression of the law of 
enlal errors and is often referred to simply as the law of 
?. Its right-hand member is called the probability function 
for the sake of convenience, is represented by 0(A), giving 
clations 

, a* 

?/ = 0(A); 0(A)=we (10) 

The Precision Constant. — The curves in Fig. 4 were 
jd, to the same scale, from data computed by equation (9). 
constant u> was taken twice as great for the curve A as for 
ivve B, and in both eases values of y were computed for sue- 

a; integral values of the ratio —• The maximum ordinalo of 

It 

of these curves corresponds to the Kero value of A nnd is 

to the value of u> used in computing the y's. The curve 
irrospoiuling to the larger value of w, approaches the liori- 
.1 axis much more rapidly than the curve B. 
viously, the constant « do term i nos both the maximum 
ate and the slope of the probability curve. Tbit we have 
that these characteristics are proportional to the precision 
(t measurements that determine the system of errors ropro- 
d. Hence w characterizes the system of errors eon.sid- 
and is proportional to the precision of the corresponding 
urements. Some writers have called it the precision measure, 
ns it depends only on the accidental errors nnd takes no 
nt of the accuracy with which constant errors nro avoided 
irrootcd, it docs not give a complete slatomont of the pro- 
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sewed for a function to bo discussed later, ami « will l>o rull««l the 
precision constant in tho following pages. 

When A is taken equal lo zero in equation (0), // is <*c|ital lo w. 
Hence the precision of monsuvemenU, so far ivs it depends upon 
accidental errors, is proportional to tin* probability for (lie occur¬ 
rence of zero error in the corresponding system of errors. Ia 
Ibis connection, it should he. homo in mind that the system of 
errors includes all of the errors timt would have been found 
witli an infinite number of observations, and that it cannot bo 
restricted to the errors of the aetiml mensureiueiils for the pur¬ 
pose of computing w directly. Indireet methods for computing 
wfrom given observations will bo dismissed lufor. 

32 . Discussion of the Probability Function. •• Inspection of 
the ourvos in Fig. •!, in connection witli equation (!)), is sullieieut to 
show that the probability function is in agreement with the first 
two axioms. Sinco y is an oven fimetion of A, positive and nega¬ 
tive orrovsof Ihosamo magnitude am equally probable, and conse¬ 
quently equally numerous in an extended series of measurements. 
Hence Iho first axiom is fulfilled. Siueo A enters the fimetion 
only in fcho nogalivo exponent, tlm probability for the ocenrrenco 
of an error decreases very rapidly ns ils magnitude increases 
either positively or negatively, fleuee small errors am much moro 
likely lo occur limn large ones and the seeond axiom is fulfilled. 

Since tlio function 0 (A) is continuous for values of A ranging 
from minus infinity to plus infinity, it is apparently at variance) 
with the third axiom. For, if all of the errors lie between delimto 
finite limits — L and + L, 0 (A) should he eontimmus while A 
lies between theso limits and equal lo zero for nil values of A 
outside of thorn. But wo have no moans of fixing the limits 
+ L and - L, in any given ease; and we note that 0 (A) becomes 
very small for modoralcly large values of A. Hence, whatever the 
true valuo of L may ho, the error involved in extending the limits 
to —co and -fee is infinitesimal. Consequently, 0 (A) is in sub¬ 
stantial agreement witli the third axiom provided it leads to the 
conclusion that all possible ermrs lie between the limits —00 and 
4- 00 • This will bo tho ease if it gives unity for the probability 
that a single ewer, chosen at random, lies between — 00 and - 1 - <*>. 
For, if nil of tho errors lie between these limits, Lhu probability 
considered is a certainty and honco is represented by unity. 


The Probability Integral. — The accidental errors, corrc- 
ng to actual measurements, may be arranged in groups nc- 
5 to their magnitude in the same manner that the residuals 
irrangccl in article twenty-eight. When this is dono the 
in succeeding groups differ in magnitude by an amount 
to the unit error k, since k is the least difference that can 
■ermined with the instruments used in making the obser- 
s. Ileuco, if Ap is the common magnitude of the errors 
/dli group, 

i-i) — Ap = ii( P +2) — = • • • =A(p+ 9 ) — A(p^-i) = A’, 

messing the same relation in different form, 

<+f, ^"-(H-O + fi 0) 

a is an indeterminate! quantity that enters each of tho 
□ns because wc do not know the actual magnitude of the 
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the probability curve in Fig. o represent the system of 
to which the errors of the actual measurements belong, 
the ordinates y,,, ij (p + j/ (P+ 2 ), . . . i/o'-H) represent tho 

lilities of the errors A,,, A ( p + u, . . . A(,,+,) res])ectively. 
the errors ol the actual measurements satisfy Uie relation 
ic of them correspond to points of the curve lying between 
diimles i/p, V( V + \), . . . ijip+o). Hence, in virtue of eqim- 
)), article twenty-three, if wo clioo.se one of Die measure- 
al random the probability that the magnitude of its error 
ween A„ and A (p+ ^ is 

V° v ~ \H *»+!) + UU-\' 2) -}-••• -h l/(pH 4 ). 











= • ff. 0*0 

wlici-c y M is written for the mean of tlm ordinates between y v 
and ij( P+Q) . From equation (i) 

Acij-i-c) A,, __ A{„ i y) “• A,. _ 

“ ” & ' 7 ' 


lienee, 
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In the limit, when we consider tho errors of nn infinite number 
of measurements made with infinitely sensitive instruments, every 
point of tho curvo represents tlm probability of one <if the errors 
of the system. Consequently, for any fmito value of 7 , lln> inter¬ 
val between tho ordinates y,, and //(,»i,p is inliuilcsinml, and nil 
of tho ordinates between these limits may he considered otfuah 
Hence, in tho limit, 

A( P+ « - A,, «■ r/A, y pq y A 11 <l>( A), 
and (iii) minces to 

(ii) 

where y A +dA represents tho probability that tho magnitude of a 
singlo error, choson at random, is between A ami A -|- dA. 

By applying tho usual reasoning of the integral calculus, it is 
evidont that tho oxpicssion 

r,/, (A) ,/a, (12) 


ropresonts tho probability that tlm magnitude of an error, chosen 
at random, lies between Urn limits a and lu The integral in this 
expression also represents the area under the. probability curve 

between tho ordinates at ~ and (louscqimnlly tlm probability 

in question is roprcscnled graphically by tlm shaded area in Fig. 0. 

Tho probability that an error, chosen at random, is numerically 
less than a givon error A is equal to tlm probability that it lies 



on the limits — A and -*-A. lienee, if we designate this 
bility by P&, 

P* = v+ A ~r. 

-4 hJ-& 

= |J o *(A)dA, 
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j>( A) i.s nn even function of A. Introducing the complete 
jsion for $ (A) from equation (10) we obtain 


2u /* a .A*. 

= yl C-^ftldA 


ic sake of simplification, put 


„A* ,2 

= l > 


P A = 



er*'dt 



(13) 


is an entirely general expression for the probability P&, 
able to any system of errors when wo know the correspond- 
tlucs of the constants w and Ic. A series of numerical values 
i right-hand member of (13), corresponding to successive) 
s of the argument t, is given in Table XI, at the end of 
olumc. Obviously, this table may bo used in computing 
robnbility P& corresponding to any system of errors, sfneo 
mractcristic constants w and k appear only in the limit of tho 
•al. 

atever the values of tho. constants w and k, tho limit Viru^ 

k 









system of errors, 
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where tho numerical value is Ihat Kivcii in Table XI, for Hie limit 
t equals infinity. C^mstqui iill.v lie* probability hmetion 0(4) 
lends to the conclusion Unit all of Mir errors in any system lie 
between the limits -~co ami I r>, uml, Iheivfoiv, it fiitrills the 
condition imposed l>y I In* third axiom as explained i, L [\ w 
pomgiaph of article lliirly-lwn. 

34. Comparison of Theory mul Experience. Equation ( 13 ) 
may bo used to compare the dmlrilmlion ol llu* residuals actually 
found in any series of measiiremenls with I lie llieoielieal dixtfj. 
bulion of the accidental errors. If ;V equally trustworthy meas¬ 
urements of the same lmiKnilude have been made, all of the <Y 
corresponding necidrnlal errors belong ■'» the same system, and 
the probability that tin’ error of a single niea-nneiin-nl. is uiimor* 
ioally less Hum A is given hy /\\ in equation till). I 'nnsequcntly, 
if N is suflicieutly huge, we should exped u> hud 

A'a N l'.\ (iv) 

errors less limn A. I'W, if we minder only (lie errors nf tho 
actual mcnsureimmls, the probability Had one nf them is less 
than A is equal to the ratio of the nninber less than A to the loin! 
number. In lint name maimer, the number less limn A' should 
be 

Ahv iV/V 

Ilcncc, the number lying between I In* limits A and A' should bo 

ATJ' - Ny ■ jVa- (v) 

These numbers may be computed by equiiiu 1 (Id) with tho aid 
of Table Xf, when we know /V and the value of the expression 

Vjr« 

corresponding u» the given uuswuremenK The. number, 

iVj, of residuals lying between the limits r equals A ami r‘ eqiinls 
A may bo fomul by inspecting Mu' series uf residuals computed 
from the given measurements by equation (d), m-ticle twenty-two. 
If N is large and the errors of the given nieiisnreinenls satisfy 
tho theory wc imvo developed, the number.s iVj’ ami A f '* nhuuld 


y nearly equal, since in an extended series of measurements 
ikluals are very nearly equal to the accidental errors, 
following illustration, taken from Clmuvcuet’s “Manual 
icrical and Practical Astronomy,” is based on 470 obser- 
s of the right, ascension of Sirius and Allciir, by Bradley, 
rors of these measurements belong to a system ehameter- 

a particular value of the ratio 7 that has been computed, 

It 

ict.hocl to bo described later (articles thirty-eight and forty* 
ind gives the relation 

= 1.8080. 

pienlly, to find the theoretical value of P&, corresponding 
limit A, we take i equal to 1.808(5 A in equation (1.3) and 
0 corresponding value of the integral by interpolation from 
XI. 

third column of the following tabic gives the values of 
'responding to the chosen values of A in the first column 
e computed values of t in the second column. The fourth 
1 gives the corresponding values of N& computed by oqua- 
v), faking N equal to 470. The sixth column, computed 
lution (v), gives the number, of errors that should 
veen the limits A and A' given in the fifth. The seventh 
. gives the numbin' of residuals actually found between the 
mils. 



parison of the numbers in the. last two columns shows very 
greement between theory, represented by /V*’, and expo- 














ricncn, represented by A^', when we remember Unit the theory 
assumes an infinite number of observations and that the series 
considered is finite. Numerous comparisons of this nature have 
been made, and substantial agreement has been found in all 
eases in which a sufficient number of independent observations 
have been considered. In general, the differences between 
and N r r ‘ deemasc in relative magnitude an the number of obser¬ 
vations is increased. 

35 . The Arithmetical Mean. — In article twenty-four it was 
pointed out, as one of the fundamental principles of the theory 
of errors, that the arithmetical mean of a number of equally trust¬ 
worthy direct measurements on the same magnitude is the most 
probable value that we can assign to tho numeric of tho measured 
magnitude. In order to show that the probability function <t> (A) 
leads to the same conclusion, let <*i, a 2 , . , , a,v represent llio 
given measurements, and let x represent tho unknown numeric 
of the measured magnitude. If the actual value of this numeric 
is X, the true accidental errors of the given measurements are 

Al = a! - X, A 2 = <h - X, . . . A,v = <*// - X, (2) 

and all of them belong to tho same system, clmraeteriy.od by a 
particular value of the precision constant o>. The probability 
Unit one of the errors of this system, chosen at random, is equal 
to an arbitrary magnitude A p is given by the relation 

Vp= we-™ 1 1 ? = 4>(A„). 

Sinco we cannot determine the true value ,Y, the most probablo 
vnluc that we can assign to x is that which gives a maximum 
probability that X errors of the system are equal to the N resid¬ 
uals 

ri = fli - x, n = a 2 - x, . . . r N = a N - x. ( 3 ) 

Tliis is equivalent to determining x, so that the residuals are as 
nearly as possible equal to the accidental errors. 

If l/n 2 / 2 , . . . ijft represent the probabilities that a single error 
of the system, chosen at random, is equal to r,, r 2 , . . . r N respec¬ 
tively, 

V 1 = 2/2 = (r*), . . . yu = 0 b>). 

Hence, if P is the probability that N of tho errors chosen together 




arc equal to r t , r 2 , . . . r N respectively, we have, by equation (7), 
article twenty-three, 

P = Vi X y-i X . . . X yn 
= W Af C -,r F' (r,i + r,M ' - * ‘ + 'v'K 

TTCO^ 

Since the exponent in this expression is negative and -rj- is con- 

stant, the maximum value of P will correspond to the minimum 
value of (?• i 2 4- n 2 + . . . 4- r N 2 ). Hence the most probablo 
value of x is that which renders the sum of the squares of the 
residuals a minimum. 

Iu the present ease, the r's arc functions of a single independent 
variable x. Consequently the sum of the squares of the r's will 
be a minimum when x satisfies the condition 

~ (ri a 4- r 2 2 + . . . 4- ?’,v a ) - 0. 

Substituting the expression for the r’s in terms of re from equation 
(3) this becomes 

S («1 - x) 2 4- (at ~ x) 2 + . . • 4- (rt/v - X ) 2 j =* 0. 
ox ( ) 

Hence, («i - x) + (rta - x) + • . . 4' («w — x) = 0, (14) 

an( I ® • • ± ff * ' 

N 

Consequently, if we take x equal to the arithmetical moan of the 
a's in (3), the sum of the squares of the computed r'x is less than 
for any other value of x. Hence the probability P that N errors 
of the system are equal to the N residuals is a maximum, and tho 
arithmetical mean is the most probablo valuo that we can assign 
to the numeric X on the basis of the given measurements. 

Equation (14) shows that the sum of the residuals, obtained 
by subtracting the arithmetical mean from ench of the given 
measurements, is equal to zero. This is a characteristic proporty 
<?f the arithmetical mean and serves as a useful check on tho 
computation of the residuals. 

The argument of the present article should bo regarded as a 
justification of the probability function <f>(&) rather than as a 
proof of the principle of the arithmetical mean. As pointed out 
above, this principle is sufficiently established on a priori grounds 
and by common consent. 



CHAPTER V. 

CHARACTERISTIC ERRORS. 


Skviokal different derived errors have been used as a measure 
of the relative accuracy of different series of measurements. Such 
errors arc called characteristic errors of the system, and they de¬ 
crease. in magnitude as the accuracy of the measurements, oil which 
they depend, increases. Those most commonly employed arc the 
average error A , the mean error il/, and the probable error E, any 
one of which may he used as a measure on the relative accuracy 
of a single observation. 

36 . Tho Average Error. — The average error A of a single 
observation is the arithmetical mean of all of the individual errors 
of the system taken without regard to sign. Thai is, all of tho 
errors arc taken ns positive in forming the average. Hence, if 
N is the total number of errors, 

, A 1 + A 2 + • • • + A,v [a] / 1f -\ 

/1== ~ -iv ~N'> {l0) 

where the square bracket [ J is used as a sign of summation, and 
the over the A indicates that, in taking tho sum, all of the A's 
are to be considered positive. 

In accordance with tho usual practice of writers on tho theory 
of errors, the square bracket [ ] will be used as a sign of summa¬ 
tion, in the following pages, in place of the customary sign 2 . 
This notation is adopted because it saves space and renders com¬ 
plicated expressions more explicit. 

In equation (15) all of the errors of the system are supposed 
to be included in tho summation. Hence, both [A] and iV aro 
infinite and the equation cannot be applied to find A directly 
from the errors of a limited number of measurements. Conse¬ 
quent^' wo will proceed to show how the average error can be 
derived from the probability function, and to find its relation 
to the precision constant w. A little later wo shall see how A 
can be computed directly from the residuals corresponding to a 
limited number of measurements. 

44 


if ya is t.ho probability Unit, the magnitude of a single error, 
chosen at random, lies between A and A + dA, ami n,i is the num¬ 
ber of errors between these limits, 


and consequently 


Ud ■ ,y > 


>tj = A T y,i 


= (A) '-‘A 


in virtue of equation (11), article thirty-three, where A represents 
the mean magnitude of the errors lying between A and A + dA. 
Hence, the sum of the errors between these limits is 

[A]j An,* = -)-A0 (A) (/A, 

(C 

mid the sum of t.ho errors between A =-- a and A - b is 


, at r b 

IA]“ = fc J„ A *< A > rfA * 


Substituting the complete expression for 0(A) from equation (10) 
this becomes 

, »V W pb 

[Afi - ^ l A» *■ f/A. 

Hence, the sum of the positive errors of the system is 

¥ f i.-'PrfA, 

* k ,/u 

and the sum of the negative errors is 




These two integrals arc obviously equal in magnitude and opposite 
in sign. Consequently the sum of all of the errors of the system 
taken without regard to sign is 


ro- 2 -£J>- 

= __ Nk 


( 17 ) 



Hence from equation (15), 


A = 


lA] = A 

N 7Tw’ 


and introducing the numerical value of ir, 

A - 0.3183-• 

co 


(18) 


(19) 


37 . The Mean Error. — The moan error M of a single meas¬ 
urement in a given series is the square* root of the menu of tho 
squares of the errors in tho system determined by the given 
measurements. Expressed mathematically 


iU a ~ 


A ) 2 + A g 2 + • • • + A,y 2 
N 


[A3 

N 


( 20 ) 


This equation includes all of the errors that belong to the given 
system. Hence, as pointed out in article thirty-six, in regard to 
equation (15), it cannot be applied directly to a limited series of 
measurements. 

By equation (10) the number of errors with magnitudes between 
the limits A and A 4 -dA is equal to " ^ ^ ■ Consequently 
the sum of the squares of the errors between these limits is equal 
to ^ $(&) (]&_' Hence, by reasoning similar to that employed 
in the last article, 


No} / 

T J. 

■»!«« -xu-i— 

A 2 e "dA 

( 21 ) 

2 No 
k , 

fia) _ , A’ 

f A 2 c w "dA, 



since the integrand is an oven function of A. 
parts, 


[A 2 ] 


7TW Jo 


+ 



—7TU 


* dA. 


Integrating by 


The first term of tho second member of this equation reduces to 



zero when the limits arc applied. 


Putting V- for 


/w 2 


in the 


second term, 


m - 


7r*w' 2 



e~‘ % dt 


Wt 

2 7TW 2 ’ 


( 22 ) 


in virtue of equation (13a)- lienee, 


and 


Af 2 tw 2 


,, I b 
il'f — — , — • — j 

V'2 7t w 


= 0.3089-• 

w 


(23) 


38 . The Probable Error. — The probable error E of a single 
measurement is a magnitude such that a single error, chosen at 
random from the given system, is as likely to be numerically 
greater than E as less than 1C. In oilier words, the probability 
that the error of a single measurement is greater than IC is equal 
to the probability that it is less than E. Hence, in any extended 
series of measurements, one-lmlf of the errors are loss than E and 
one-half of them are greater than E. 

The name “ probable error,” though sanctioned by universal 
usage, is unfortunate; and the student cannot bo too strongly 
cautioned against a common misinterpretation of its meaning. 
The probable error is not tlio most probnblo magnitude of tho 
error of a single measurement and it dors not determine tho 
limits within which tho true numeric of the measured magniludo 
may be expected to lie. Thus, if as represents tho measured 
numeric of a given magnitude Q and 1C is tho probable error of x, 
it is customary to express tho result of the measurement in tho 
form 

Q — x dr E. 

This does not signify that the true numeric of Q lies bctwcon tho 
limits x — E and x + E, neither docs it imply that x is probably 
in error by the amount E, It means that the numeric of Q is as 
likely to lie between the above limits as outside of them. If ft 
new measurement is made by the same method and with oqual 
care, tho probability that it will differ from x by loss than E is 
equal to the probability that it will differ by more than E. 



In article thirty-three it was pointed out that the probability 
that an error, chosen at random from n given system, lies between 
the limits A = a and A = 6 is represented by the area under the 
probability curve between the ordinates corresponding to the 
limiting values of A. Hence, the probability that the error of a 
single measurement is numerically less than E may be represented 
by the area under the probability curve between the ordinates ;/-/,• 
and y+E, in Pig. 7, and tiie probability that it is greater titan E by 
the sum of the areas outside of these ordinates. Since these two 


if 



probabilities are equal, by definition, the ordinates correspond¬ 
ing to the probable error bisect the areas untier the two branches 
of the probability curve. 

Since the probability that the error of a single measurement is 
less than J'J is equal to the probability that it is greater than A’ 
and the probability that it is less than infinity is unity, the 
probability that it is less than 7 £ is one-half. Consequently, 
putting A equal to E in equation (13), article thirty-throe, 


P 


[■: 



k e-'V/J - 


1 

2 


Prom Table XT, 

Pi = 0.-10375 for the limit l = 0.-17, 

Pa = 0.50275 for the limit t = 0.-18, 

and by interpolation, 

Pjj - 0.50000 for the limit t — 0,47004. 


Hence, equation (24) is satisfied when 


V^TCO 


E 

k 


(24) 


0.47094, 


and wc have 


„ 0.47094 k 

E -- -r- • 

Vtt « 

= 0.2091 - • 

w 

30 . Relations between the Characteristic Errors. — Elimina¬ 
ting- from equations (18), (23), and (25), taken two at a time, wo 
obtain the relations 

M =\J\A - 1.253./I, 

E = 0.4709 • Vv 'A = 0.8453 • A, 

E = 0.4709 • V2 • M = 0.07-15 • 41, 

which express the relative magnitudes of the average, mean, and 
probable errors. These relations are universally adopted in com- 

V 



MAM o eam 

k k k k k k 

Fig. 8. 


pitting the precision of given series of measurements, and tlioy 
should lie firmly fixed in mind. 

The three equations from which the relations (2(1) arc derived 
may be put in the form 

A ^ 0.3183 

k to 

M = (1.3080 
k w 

E ^ 0.2091 
k co 

Tim probability curve in Fig. 8 represents the distribution of 
the errors in a system characterized by a particular valuo of to, 







determined by a given series of measurements. The ordinates 
Va> Vm> and Vu correspond to the abscissa) ~^> -£> com¬ 

puted by the above equations. Consequently, y A represents the 
probability that the error of a single measurement is equal to 
+/1, y M the probability that it is equal to -M/, and y I3 the prob¬ 
ability that it is equal to In like manner y„ A , y~ M , and 

y_ l > represent the respective probabilities for the occurrence of 
errors equal to — A, —M, and — E. 

A curve of this type can be constructed to correspond to any 
given scries of measurements, and in all cases the relative locu¬ 
tion of the ordinates y A , y Mi and y !3 will be the same. It was 
pointed out in tho last article that the ordinates y^ and y~ E bisect 
the areas undor tho two branches of the curve. Consequently, 
in an extended scries of measurements, somewhat more than one- 
lmlf of the errors will be less than either the average or the moan 
error. Moreover, if, is obvious from Fig. 8 that an error equal to 
E is somewhat more likely to occur than ono equal to cither A or M. 

Since each of the characteristic errors A, ill, and IC { bears a 
constant relation to the precision constant «, any one of them 
might be used as a measure of the precision of a single measure¬ 
ment in a given series, so far ns this depends on accidental errors. 
The probable error is more commonly employed for this purposo 
on aeoount of its median position in the system of errors deter¬ 
mined by the given measurements. 

It is interesting to observe that tho ordinate y M corresponds to 
a point of inflection in the probability curve. 13y tho ordinary 
method of the calculus wc know that this curve has a point of 
inflection corresponding to the abscissa that satisfies the relation 


Substituting the complete expression for y 


1 

3 

*>l§ 

* u% § 

= 0 , 

„A 2 



2W * 

- 1 

- 0 . 

A 

l 

I 


Hence, 



is the abscissa of the point of inflection, 
equation (23) we see that 



Comparing this with 


and consequently that the ordinates Dm and y- u meet tho prob¬ 
ability curve at points of inflection. 

40 . Characteristic Errors of the Arithmetical Mean. — Equa¬ 
tion (23) may be put in the form 

w^ = _l_ 

T k 2 2M*' 


where M is the mean error of a single measurement in a series 
corresponding to the unit error k and tho precision constant w. 
Consequently the probability function, 

t a* 

-nw 17 

y = we K > 

corresponding to the same series may be put in the form. 


__ 

y = o>e 2 ,w *. . (i) 


If Ai, At, , . . An aro the accidental errors of N direct measure¬ 
ments in the same scries, the probability P that they fill occur in 
a system characterized by tho mean error M is equal to tho product 
of the probabilities for the occurrence of the individual errors in 
that system. Iloneo, 


P = W ' v c 


1 

2 M* 


. . . + ***) 


(ii) 


If tho individual measurements arc represented by a u a 2 , 
. . . a,v, and the true numeric of tho measured quantity is X, 

Ai = ctj — X\ A% = &i — X\ . . . An — ettf — X, 


and, if x is tho arithmetical mean of tho measurements, the corre 
sponding residuals aro 

r\ — a\ — x\ rz = at — x) ... — x. 

Consequently, if the error of tho arithmetical mean, is 8, 

X — x = 8, 
and 

Ai = ?*i — 6; A 2 — r 2 — 8\ ... An = — 5. 

Squaring and adding, 

[A 2 ! = [r 2 ! — 2 S [rj -f W, 

= [r 2 J H- N8 2 , 


( 28 ) 



since [?•) is equal to zero in virtue of equation (l-l), article 1.1 1 irl> 3 r - 
fivc. When this value of [A 2 ] is substituted in (ii), the resulting 
value of P is the probability that the arithmetical mean is in 
error by an amount 5. For, ns we have seen in article thirty-live, 
the minimum value of [r 2 | occurs when .t is taken equal to the 
aritlnnctioal mean. Consequently, P is a maximum when 5 is 
equal to zero anil decreases in accordance with tin; probability 
function as S increases either positively or negatively. 

Wo do not know tho exact value of either X or 5; but, if y n is 
the probability that the error of the arithmetical mean is equal 
to an arbitrary magnitude S, the foregoing reasoning leads to the 
relation 

P’J.ir.A ' 5 . 3 
])a — W' V C~ 2 - U ' , 

,r U _ N JL 

= «-V’ 2 -*c (iii) 


But the arithmetical mean is equivalent to a single measurement 
in a series of much greater precision than that of the given meas¬ 
urements. lienee, if w„ is the precision constant correspond¬ 
ing to this hypothetical series and M a is tho mean error of the 
arithmetical mean, we have by analogy with (i) 

_s«_ 

y a = o> a e 2 , (i v ) 

liquations (iii) and (iv) are two expressions for the same prob¬ 
ability and should give equal values to //„ whatever the assumed 
valuo of S. This is possible only when 


and 

Hence, 


-ill 

w„ = w v c 2M , 

1 = N_ 

2 M 2 2 M 2 ' 


M tt 


vn' 


Consequently, the mean error of the arithmetical mean is equal 
to tho mean error of a single measurement divided by the square 
root of the number of measurements. 

Since the average, mean, anil probable errors of a single meas¬ 
urement arc connected by the relations (20), the corresponding 



errors of the arithmetical mean, distinguished by the subscript 
a, are given by the relations 


A* - 


A _ 

Vn’ 


M, 


VK r> 


E 

VN 


( 20 ) 


41 . Practical Computation of Characteristic* Errors. — As 
pointed out in article thirty-seven, the square of the mean error 

[A 2 1 

, 1 / is the limiting value of the ratio when both members 

become infinite, i.e., when all of the errors of the given system 
are considered. But the errors of the actual measurements fall 
into groups, as explained in article thirty-three, and the errors in 
succeeding groups differ in magnitude by a constant amount k, 
depending on the nature of the instruments used in making tho 
observations. Consequently, the ordinates, of (.lie probability 
curve, corresponding to these errors arc uniformly distributed 
along the horizontal axis. Hence, if we include in [A 2 ] only tho 
errors of the actual measurements, the limiting valuo of the ratio 

^ * s indefinitely increased will be nearly the same as if 

all of the errors of the system were included. Since the ratio 
approaches its limit very rapidly as N increases, tho value of M 
can be determined, with sufficient precision for most practical 
purposes, from a somewhat limited series of measurements. 

If we knew the true accidental errors, the moan error could bo 
computed at once from tho relation 



and, since the residuals arc nearly equal to the accidental errors 
when N is very large, an approximate valuo can be obtained by 
using the t'h in place of the A’s. A bettor approximation can bo 
obtained if we take account of the difference between the A’s 
and the r’s. Prom equation (28) 

[A 2 ] = [r 2 ] + Nh\ (vi) 

where S is the unknown error of the arithmetical mean. Probably 
the best approximation we can make to the true value of S is to 
set it equal to the moan error of tho arithmetical moan. Hence, 
from the second of equations (29) 

ATS 3 = NM* = A/ 2 , 
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Hi Si/ l 


*11 


and from (v) 


[A 2 ] = NM*. 


Consequently, 


and we have 


(vi) becomes 

A W* = M + A/*, 


M 


_i/-£L. 

y n -1 


(30) 


Thus the square of Dio mean error of a single measurement is 
equal to the sum of tho .squares of the residuals divided by the 
number of measurements less one. 

Combining (30) with the third of equations (20), artielo thirty- 
nine, we obtain tho expression _ 

(3i) 


for tihe probablo error of a single measurement. Hence, by equa¬ 
tions (29), the mean error il/„ and the probable error lC a of (ho 
arithmetical mean are given by the relations 



_Jfl _ 
N(N— 1) 


and 


JL = 0.(57 


'lb \j 


jVOV — !.)" 


(32) 


When tho number of measurements is large, the computation 
of tho probablo errors H and IS„ by the above formula) is .some¬ 
what tedious, owing to the necessity of finding the' square of 
each of the residuals. In such eases a sufficiently close approx¬ 
imation for practical purposes can he derived from the average 
error A with the aid of equations (20). Tho lirst of those equa¬ 
tions may be writlon in tho form 

m _ iriSP 

N 2JV r 


If wc assume that tho distribution of tho nviidimls is l;ho wuno as 
that of tho true accidental orrors, a condition that is accurately 
fulfilled when N is very large, wo can put 


M B ir|r|* 
N *2 N 1 ’ 

Consequently, 

[A 2 ] _ [A? 
ir»] ~n‘ 




When the mean error M is expressed in terms of the A's, equation 
(30) becomes 

[Ail = hl. 

N N-l' 


or 


Consequently 


[All _ _jV_ _ [AP 

H iV-1 [if 

[Af _ |r]» 

N‘ NCW-l)’ 


and, since this ratio is equal to A 2 , wo have 

[?] , I?] 


A = 


and A a = 


NVN - 1 


(33) 


VN{N- 1) 

Combining tin's result with the second of equations (20) and the 
third of (29), we obtain 

E = 0.8453 — l? - ] — ■=; £„= 0.8-153—S=. (34) 

VN(N-l)’ NVN - 1 


The above formula) for computing the characteristic errors from 
the residuals have been derived on the assumption that the true 
accidental errors and the residuals follow the same law of dis¬ 
tribution. This is strictly true only when the number of measure¬ 
ments considered is very large. Yot, for lack of a better molhod, 
it is customary to apply tho foregoing formulae to the discussion 
of the errors of limited series of measurements and tho results 
thus obtained are sufficiently accurate for most practical purposes. 
When tho highest attainable precision is sought, the number of 
observations must be increased to such an extent that tho theo¬ 
retical conditions arc fulfilled. 

The choice between the formula) involving tho average error 
A and those depending on the moan error Af is determined largely 
by tho number of measurements available and the amount of 
time that it is worth while to devote to the computations. When 
the number of measurements is very large, both sets of formula) 
lead to tho same values for tho probable errors E and E„, and 
much time is saved by employing those depending on A. Kor 
limited series of observations a better approximation to tho true 
values of these errors is obtained by employing the formulae in¬ 
volving the mean error. In either ease the computation may be 
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IHHj l nuwJbJ. 


’I L 


and from (v) 


[A 2 ] = NMK 


Consequently, (vi) becomes 

NM* = [rl + M 2 , 

and wo have 

U = 






N — 1 


(30) 


Thus the square of fcho menu error of n single measurement is 
equal to the sum of tlio squares of the residuals divided by the 
number of measurements less one. 

Combining (30) with the third of equations (20), article thirty- 
nine, we obtain the expression _ 

n = Q.mr>\/i (31) 

for the probable error of a single measurement. lienee, by equa¬ 
tions (29), the mean error ;Vf„ and the probable error A'„ of tho 
arithmetical mean arc givnn by tin) relations 

*■ “V^T) imi1 ** - «-«™ \4(*1 <W 

When tlic number of measnromojils is largo, the compulation 
of the probable errors E and E„ by tho above formula* is some¬ 
what tedious, owing to the necessity of finding the* square of 
each of the residuals. In sne.li eases a HuflieienUy ulnae approx¬ 
imation for practical purposes can bo derived from tho avemgo 
error A with tho aid of equations (20). Thu first of these equa¬ 
tions may be wrilton in the form 

IA 2 ] -r\M 

N 2 N» ‘ 


If we assume that the distribution of the residuals is the same ns 
that of tho true aecidontnl errors, a condition tlmt is aceuvulely 
fulfilled when N is vory largo, we can pul 

bfl _ 7T Irp 

N 2JV r 


Consequently, 


[A 2 ] [A] 8 

h w 


When the moan error M is 

expressed 

(30) becomes 

\A*\ 

_ *[r*l 


N 

n- r 

or 

|A*] 

N 



N— l 

Consequently 

PJ S 

[?J* 


N 2 

N{N~ 


and, since this ratio is equal to A 2 , wo have 

[r] . . \r\ 


A = 


and A* = 


NVN - l 


(33) 


V'N{N- 1) 

Combining this result with the second of equations (20) and the 
third of (20), wo obtain 

E = 0.8453-t^L.-; E a = 0.8403-(34) 


The above formula) for computing the characteristic errors from 
the residuals have been derived on the assumption that the truo 
accidental errors and the residuals follow the same law of dis¬ 
tribution. This is strictly true only when the number of measure¬ 
ments considered is very large. Yet, for lack of a better method, 
it is customary to apply the foregoing formula) to the discussion 
of the errors of limited scries of measurements and the results 
thus obtained arc sufficiently accurate for most practical purposes. 
When the highest attainable precision is sought, the number of 
observations must be increased to such an extent that the theo¬ 
retical conditions arc fulfilled. 

Tlio choice between the formula) involving tho average error 
A and those depending on the mean error M is determined largely 
by the number of measurements available and the amount of 
time that it is wort!) while to devote to the computations. When 
the number of measurements is very large, both sets of formula) 
lead to tho same values for the probable errors E and E,„ and 
much time is saved by employing those depending on A. For 
limited scries of observations a better approximation to the true 
values of those errors is obtained by employing the formula) in¬ 
volving the mean error. In either case the computation may be 
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facilitated by the use of Tables XIV and XV at the end of this 
volume. These tables give Hie values of the functions 

_0.67-15 0.f)74fl _ .0.8453 _ (md 0.8453_ 

■x/tf-T VnW-Y)’ vbVtiV-()"’ NYN— i 1 

corresponding to all integral values of N between two and one 
hundred. 

42 . Numerical Example. — The following example, represent¬ 
ing a series of observations taken for the purpose of enlibml.ing 
the screw of a micrometer microscope, will serve to illustrate the 
practical application of the foregoing methods. Twenty inde¬ 
pendent measurements of (her norma! distance between two 
parallel lines, expressed in terms of the divisions of the micrometer 
head, arc given in the first and fourth columns of the following 
table under u. 


Q 

r 

1 

1 

" 

r 

/» 

PH 

H9SHH 

1 

0.2X0!) , 

ID-1.3 

•l-n. 13 

0.010!) 

Hflflfl 

■SiVS^H 

0.00-10 

104.3 

4-0. 13 

0.0100 

IntN 

HbSIkP 

■nv 

HM 0 

-0.17 

0.0280 

HnVmfl 

■ISV^H 


104.4 

•14) 23 

0.0320 

ImaM 


0.2*20!) 1 

1!)-I.f> 

4-0.33 

0.10X0 

Hill 

-0.07 


103.X 

-0.37 

0.130!) 

HfifiSH 

-0.27 

0.072!) i 

103.!) 

—0.27 

0.0721) 

HMU 

-t-o.w 


103. (J 

-0.27 

0.0720 

HjjflM 

+0-13 

o.oioo 1 

10-1.8 

4-0.03 

0.30(10 


+0.23 

0.0520 j 

103.7 

-O..I7 

0.2200 

■■■■ 


1 

I0+J7 

0.20 

1 .3-120 

HH 


1 

•c 

M- 

(r*l 


Since the observations are independent and equally trust¬ 
worthy, the most probable value that we can assign to the numeric 
of the measured magnitude is the iirilhinotienl mean x; and we 
find that x is equal to 19-1.17 micrometer divisions. Subtracting 
194.17 from each of the given observations wo obtain the residuals 
in the columns under r. The algebraic sum of these residuals is 
equal to zero as it should ho, owing to the properties of the arith¬ 
metical mean. The sum without regard to sign, [r], is equal to 
5.20. Squaring each of the residuals gives the numbers in the 
columns under r 2 and adding lho.se figures gives 1.892(1 for the 
sum of the squares of the residual [r 2 ]. 

Taking N equal to twenty, in formulas (38) and (34), we find 
the average and probable, errors 













A = - = rt 0.207; A n = Tl 

VN{N - 1) N Vn - \ 


J-. 0.059G, 


E = 0.8453—- ±0.220; E„ = 0.8453 A >—ry“- •■= dr0.0504, 

VN{N-\) nvn-i 

where the numerical results are written with the imicfiuit.es sign zb 
since the corresponding errors are as likely to be positive ns nega¬ 
tive. 

When formulas (30), (31), and (32) art? employed we obtain tlio 
mean errors, 

" - \4':r[ “ ± °' 3111 i u - = \4 (3^“) = =*= 0M0a ‘ 

and the probable errors 

E = 0.1*745 = ± 0.210; 

&'„ = 0.07-15 =±°. ( M7. 


The. values of the probable errors E and E a , computed by the, 
two methods, agree as closely as could be expected with so small 
a number of observations. Probably the values rl: 0.210 and 
zb 0.047, compute.il from the monn errors M anil M,„ arc the more 
accurate, but those derived from the .average errors A and A n are 
sufficiently exact for most practical purposes. An inspection of 
the column of residuals is sufficient to show (lint eleven of them 
arc numerically greater, and nine are numerically less than either 
of the computed values of E. Consequently, both of these values 
fulfil! the fundamental definition of the probable error of a single 
measurement ns nearly as we ought to expect when only twenty 
observations arc considered. 

Tf wc use D to represent tho measured distance between the 
parallel lines, in terms of micrometer divisions, we may write 
tbe final result of tho measurements in tho form 

D = 194.170 zb 0.047 mic. div. 

This does not moan that tho true value of /) lies between the 
specified limits, but that it is equally likely to lie between those 
limits or outside of them. Thus, if another and independent 
scries of twenty measurements of the same distance worn imulo 



with the same instrument, and with equal cave, the chance that 
the Anal result would lie between 11M.L23 and liM.217 is equal to 
the chance, that it would lie outside of these limits. 

Equation (25), article thirty-eight, may bo written in tho form 

/-co 0.'I7(if) 

Vic k~ J<J 


Taking E equal to 0.210, wo find that 

= 2.271 

K 


for the particular system of errors determined by tho nhovo meas¬ 
urements. Consequently, the probability for the oeeummee of an 
error less than A in this system is, by equation (13), article thirty- 
three, 





2.271. d 

c-‘* (U, 


and, sinco thcro arc twenty measurements, we should expect to 
find 20 /* A errors numerically less than any assigned value of A. 

Tho values of P&, corresponding to various assigned values of 
A, can be easily computed with the aid of Table XI and applied, 
as explained in article thirty-four, to compare the theoretical 
distribution of the accidental errors with that of the residuals 
given under r in tire above table. Such a comparison would liavo 
very little significance in the present case, however it resulted, 
since tho number of observations considered is far Loo small to 
fulfill the theoretical requirements. Hut it would show that, 
even in such oxtremc cases, tho deviations from the. law of errors 
are not greater than might bo expected. The actual comparison 
is left as an excrci.sc for tho student. 

43 . Rules for the Use of Significant Figures. — The funda¬ 
mental principles underlying the use of significant figures wero 
explained in article fifteen. General rules for their practical ap¬ 
plication may be stated in terms of tho probablo error as follows: 

All measured quantities should bo so expressed that tho last 
recorded significant figure occupies tho place corresponding to tho 
second significant figure in the probablo error of tho quantity 
considered. 

The number of significant figures carried through tho compu- 



tations should bo sufficient to give the final result within one unit 
in the last place retained and no more. 

For practical purposes probable errors should be computed to 
two significant figures. 

The example given in the preceding article will serve to illus¬ 
trate the application of theses rules. The second significant figure 
in the probable error of the arithmetical mean occupies the third 
decimal place. Consequently, the final result is carried to tlu-cc 
decimal {daces, notwithstanding the fact that the last place is 
occupied by a zero. It would obviously bo useless to carry out 
tho result farther than tiiis, since the probable error shows that 
the digit in the second decimal place is equally likely to bo in 
error by more or less than fivo units. If loss significant figures 
were used, the fifth figure in computed results might be vitiated 
by more than one unit. 

In order to apply the rules to the individual measurements, it 
is necessary to make a preliminary scries of observations, under 
os nearly ns possible tho same conditions that will prevail during 
the final measurements, and compute the probable error of a 
single observation from the data thus obtained. Then, if possible, 
all final measurements should be recorded to the second significant 
figure in this probable error and no farther. It .sometimes happens, 
as in the above example, that tho graduation of the measuring 
instruments used is not sufficiently line to permit the attainment 
of tho number of significant figures required by the rule. In such 
cases the observations are recorded to tho last attainable figure, 
or, if possible, the instruments nro so modified that they give 
tho required number of figures. Thus, in the example cited, tho 
second significant figure in tho probable error of a single measure¬ 
ment is in the second decimal place, but the micrometer can 
be read only to one-tonth of a division. Ilenco the individual 
measurements aro recorded to tho first instead of tho second 
decimal place. In this case the accuracy attained in making tho 
settings of the instrument was greater than that attained in 
making tho readings, and an observer, with sufficient experience, 
would be justified in estimating the fractional parts to the nearest 
hundredth of a division. A better plan would bo to provido tho 
micrometer head with a vernier reading to tenths or hundredths of 
a division. In the opposite case, when the accuracy of setting is 
less than the attainable accuracy of reading, it is nsolcss to record 



the readings ncyonu me stohki Mgumumu m um: inunauie 

error of a single observation. 

For the purpose of computing the? residuals, the nrithmotio:il 
mean should be rounded to such an extent that the majority of 
the residuals will come out with two significant figures. 'Phis 
greatly reduces the labor of the computations and gives the calcu¬ 
lated characteristic errors within one unit in the second significant 
figure. 



CHAPTER VI. 

MEASUREMENTS OF UNEQUAL PRECISION. 


44 . Weights of Measurements. — In the preceding chapter 
we have been dealing with measurements of equal precision, and 
the results obtained have been derived on the supposition that 
there was no reason to assume that any one of the observations 
was better than any other. Under these conditions wo have 
seen that the most probable value that we can assign to the 
numeric of the measured magnitude is the arithmetical mean of 
the individual observations. Also, if M and E are the mean and 
probable errors of a single observation, M a and E„ the mean and 
probable errors of the arithmetical menu, and N the number of 
observations, we have the relations 


E = 0.6745 71/; E n = 0.0745 M. 




M 

Vn' 



= i\r- 

a/? e/ 


(35) 


The true numeric! A' of the measured magnitude cannot be. 
exactly determined from the given observations, but the final 
result of the measurements may be expressed in the form 

X = x- ± E a , 

which signifies that X is as likely to lie between the. specified 
limits as outside of them. 

Now suppose that the results of m independent series of meas¬ 
urements of the same magnitude, made by tlio same or different 
methods, are given in the form 

A' = X| ± Ei, 

X = Xt zfc Z?2j 


X = X,„ zb E m . 

01 



What is the most probable value that can he assigned to X on 
the basis of these results? Obviously, the arithmetical mean of tho 
s's will not do in this case, unless the E's are all equal, since tho 
s's violate the condition on which the principle of the arithmetical 
mean is founded. If we knew the individual observations from 
whicii each of the a’s u«orc derived, and if tho probable error of 
a single observation was tho same in ouch ol tho series, the most 
probable value of X would be given by tho arithmetical moan of 
all of the individual observations. Generally we do not have tho 
original observations, and, when we do, it frequently happens that 
the probable error of a single observation is different in the differ¬ 
ent series. Consequently tho direct method is seldom applicable. 

The E’s may differ on account of differences in the number of 
observations in the several series, or from tho fact that the prob¬ 
able error of a single observation is not the same in all of them, or 
from both of those causes. Whatever the cause of the. difference, 
it is generally necessary to reduce tho given results to a series of 
equivalent observations having tho same probable, error bnforo 
taking the mean. For it is obvious that a result showing a small 
probable error should count for more, or have greater weight, 
in determining the valuo of X than one- that corresponds to a 
largo probable error, since the former result has cost more in timo 
and labor than the latter. 

Tho reduction to equivalent observations having the sumo 
probable error is accomplished as follows: m numerical quanti¬ 
ties wi, iu 2 , • . . w m , called tho weights of tho quantities .Tj, .r 2 , 

. . . x m , arc determined by the rotations 


Wi = 


E t > 

Ex*- 


w-t = 


E>\ 



(30) 


wliero E, is an arbitrary quantity, gonomlly ho chosen that all 
of tho w’s aro integers, or may bo placed equal to tho noarost 
integer without involving an error of more than ono or two units' 
in the second significant figure of any of the E’s. In tho following 
pages E 3 will bo called the probable error of a standard observa¬ 
tion. Obviously, the weight of a standard observation is unity 
on the arbitrary scalo adopted in determining, tho te\s; for, by 
equations (3G), 

E ,» 



Such an observation is not assumed to have occurred in any of 
the series on which the re's depend, but is arbitrarily chosen as a 
basis for the computation of the weights of the given results. 

By comparing equations (35) and (3G), we see that L\ is equal 
to the probable error of the arithmetical mean of up standard 
observations. But it is also the probable error of thr; given 
result ap. Consequently ap is equivalent to the arithmetical 
menu of up standard observations. Similar reasoning can bo 
applied to the other E’s and in general we have 


ap - mean of up standard observations, 
Xt = mean of 102 standard observations, 

a* w = mean of w m standard observations. 


(i) 


Tho weights up, up, . . . w m arc numbers that express the rela¬ 
tive importance of the given measurements for the determination 
of the most probable value of tho numeric of the measured mag¬ 
nitude. Each weight represents the number of hypothetical 
standard observations that must be combined to give an arith¬ 
metical mean with a probable error equal to that of tho given 
measurement. 

45. The General Mean. — From equations (i) it is obvious 
that 

tOiXi — the sum of up standard observations, 

WzXz = tho sum of up standard observations, 


w m x m = tho sum of io m standard observations, 
and, consequently, 

upap + Upap 4“ ' • • 4- io m x, n 

is equal to the sum of up 4- up 4~ ... 4- w m standard observa¬ 
tions. Since tho probable error E t is common to all of tho 
standard observations, they arc equally trustworthy and their 
arithmetical mean is the most probable value that we can assign 
to the numeric X on tho basis of tho given data. Representing 
this valuo of So wo havo 

w &i +W! 4- • • • 4- w„,x m 
a " - • ■ Mi + Wi :f7TT+i;-— (37) 

The products upap, etc., arc called weighted observations or mcas- 



liniments, and x<t is called the general or weighted mean. The 
weight wo ol' *o is obviously given by the relation 

wo — it)i + Wo + • • * + (38) 


since x 9 is the mean of w 0 standard observations. 

Equation (37) for the general menu can be established inde¬ 
pendently from the law of accidental errors in the following manner: 
Let «i, oi'j> . . . w,„ represent the precision constants correspond¬ 
ing to the probable errors Ex, /?«,••• E u „ and let w* be an 
arbitrary quantity connected with the arbitrary quantity E, by 
the relation 

h\ = 0.2091 - • 


Then, by equations (25) and (30), 

.2 ,.,„2 


W|‘ 

*1 = • -t\ 

Wj 


ll'-l = 


Cd 2 


2 ’ 


w M = 


0 >m 

W 8 2 


(39) 


If £ 0 is tho most probable value of the numeric X, tins residuals 
corresponding to the given x'x arc 

?'i = X‘i “ a: 0 ; v 2 ~ a 1 2 “ .t'oj • « • r„, == a*„» — .To. 


The probability that the true accidental error of on is equal to n 
is 


= 0 »iC 


A* 


iy,r,S 


) 


in virtue of equations (39). Similarly, if y 1 , y 2 , . . . y M an; the 
probabilities that ri, r 2 , . . . ?•„, are the true aeeidontal errors of 
an, .r 2 , . . . x n , 


y 2 = a>iC 




Uljl-jS 


y,„ = cu,„e 


uijS 

T7 


1 C,.! 


Hence, if P is the probability that all of the ?•’« are simultaneously 
equal to true accidental errors, we have 


P — (u)| • 0»2 


««) e 


Kg* 

~k* 




* 1 ' 

J 


and the most probable, value of A r is that which readers P a 
maximum. Obviously, the maximum value of P occurs when 



(w\rc + wtf'i 2 -I- . . . 4- w M r m -) is a minimum. Consequently the 
most probable value t 0 is given by the relation 


— (u?!? 1 ! 2 + w a rs 3 4- 


4- io m rJ) = 0. 


Substituting the values of the r’s and differentiating this becomes 
uu (an — T 0 ) 4-1 0-2 (xi - .To) 4- • • • Wu, (t,* — To) = 0. 

Hence, 

w x xi + ioa.r 2 4- • • • 4 -w,„t,„ 

To --.-;-f—-» 

2«l + Wi 4- • • • 4" w* 


as given above. 

If we multiply or divide the numerator and denominator of 
equation (37) by any integral or fractional constant, the value 
of To is-unaltered. Hence, from (30), it is obvious that wc are at 
liberty to choose any convenient value for E a , whether or not it 
gives integral values to the to' s. Equations (30) also show that 
the weights of measurements are inversely proportional to the 
squares of their probable errors and consequently we may tako 


Wt — w i 


/',V 


/',y 


. w„ 


A , 2 

«h Wi' 

JLm 


('10) 


Hence, if wo choose, wc can assign any arbitrary weight to one of 
the given measurements and compute the weights of the others 
by equation (40). 

The foregoing methods for computing tho weights ioi, io 2 , etc., 
are applicable only when the given measurements Ti, T 2 , etc., arc 
entirely free from constant errors and mistakes. When this 
condition is not fulfilled tlu; method breaks down because tho 
errors of the t’s do not follow the law of accidental errors. In 
such cases it is sometimes possible to assign weights to the given 
measurements by combining the given probable errors with an 
estimate of the probable value of the constant errors, based on a 
thorough study of the methods by which the t’s were obtained. 
Such a procedure is always more or less arbitrary, and requires 
great care and experience, but when properly applied it leads to a 
closer approximation to the true numeric of the measured magni¬ 
tude than would be obtained by taking tho simple arithmetical 
mean of the t’s. Since it involves a knowledge of the laws of 
propagation of errors and of the methods for estimating the pro- 



cision attained in removing eunswmu onum miu imstumj*, u, ean- 
not be fully developed until we lako up Uio study of the under¬ 


lying principles. 

46 . Probable Error of the General Mean. — When the given 
iWe free from constant errors and the 7i”s are known, the weights 
of the individual measurements are given by (3(i), and the weight 
Wo of the general mean is given by (38). Consequently, if 7i ' 0 is 
the probable error of the gonernl mean, we have by analogy with 


equations (30) 


7i’ a 2 . 7 , _ 7i\ 

^ k °~Vw 0 ' 


If wo choose, k’o may be expressed in terms of any one of the K ’s 
in place of E„ Thus, lot 7i'» and tu„ bo the probable error ami 
the weight of any one of the .t's, tlien by (30) 



and eliminating E a between this equation anil ('I l) we have 




When tho weights arc assigned by the method outlined in tho 
lost paragraph of the preceding article, or when, for any reason, 
the uj's arc given but not the Til's, ('ll.) and (' 12 ) cannot be applied 
until E, or E n has boon derived from the given w’s and io'h. If 
the number of given measurements is large, the value of E„ corre¬ 
sponding to the given weights can lie computed with sulfieiout 
precision by the application of the law of errors as outlined below. 
If the mimbor of given measurements is small, or if constant 
errors and mistakes havo not boon considered in assigning tho 
weights, tho following method gives only a rough approximation 
to the truo value of E a , and consequently of 7£n, since the condi¬ 
tions underlying the law of errors are not strictly fulfilled. It will 
bo readily seen that while E, may bo arbitrarily assigned for tho 
purpose of computing tho weights, when tho Til's are given, its 
value is fixed when tho weights arc given. 

Let .ti, zt, . . . x m represent tho given measurements and 
w u w%, . . . iv m , tho corresponding weights. Then, if w, repro- 


scnts tho precision constant of a standard observation, and an 
that of an observation of weight toi, we have by (39) 

0 »l 2 , , 

Wl= 0»i 2 = 

t.\* 


Consequently, if y& is tho probability that tho error of x t is equal 
to A, 

V& = 

= '/w l o>»e * w * 3 > 


and, by equation (11), article thirty-throe, tho probability that 
the error of Xi lies between the limits A and A dA is 


vi +d& 


a i t - 

T 


•ffWgl 




Vwi dA. 


Now, imA 2 is the weighted square of tho error A, nnd in tho follow¬ 
ing pages the product VwA will be called a weighted error. Hence, 
if we put 5 = V iojA, and d8 — Vw l dA, we have for the probability 
that the weighted error of .-cl lies between tho limits 6 and 6 -f* d6 

y £ +,li = 


.Since the same result would have been obtained if we had started 
with any other one of the s’s and w% it is obvious that this equa¬ 
tion expresses the probability that any one of the x’a, chosen at 
random, is affected by a weighted error lying between the limits 
5 anil 5 + d8. Hut, if nj is Ihc number of ,t\s affected by weighted 
errors lying between these limits, and m is the total number of 
.Vs, we have also 


or 


vr 


n. t 

m 


6+JS 

n d = myf . 


Hence, the sum of the squares of the weighted errors lying between 
6 and 5 + e/5 is given by the relation 

[S a f M# = nad^md^e-^iulb, 

/k) 



and, by the 
we have 


method adopted in articles thirty-six and 
m k Jo 


tliivly-sevun, 


/■• 2 

2 7TCV 


where [5 2 ] is supposed to include all possible weighted errors 
between the limits plus and minus infinity. Introducing the 
values of the 5’s in terms of the w\s and A\s this becomes 

fc* _ W lAI 2 + WaAa 8 + • • • „ [wA 2 I 

2W “ " m m 


which is an exact equation only when the number of measure¬ 
ments considered is practically infinite. 

If H, is the mean error of a standard observation, we have from 


equation (23) 


M, 




?oA“] 

m 


l ienee, from equation (20) 


0.07*15 



Now, we do not know the true value of the A's and the number of 
given measurements is seldom sufliuienl-ly large to fulfill the con¬ 
ditions underlying this equation. Hut wo can eomputo the gen¬ 
eral mean t 0 awl the residuals 

?'[ = T[ .Toi J'2 — T’2 — T'oJ . ■ ■ I'm ~ T„ t ~~ To> 

and, by a method exactly analogous to that of article forty-one, 
it can be shown that the best approximation that we can make is 
given by the relation 

jjeA 2 ] = Jier 2 ] __ 
m m — 1 

Itencc, as a practicable formula for computing 7f„ wo lmvo 

= 0.0745 v/J^rL (43) 

» m — l 

and consequently 12 o is given by the relation 

1 h = 0.0745 ^ 

in virtue of equation (41). 


/ J»a;l . 

7 wo (m - 1 )’ 


( 44 ) 




xnd mistakes, I he number ot measurements considered is 
seldom sufficient to give exact agreement, but a largo difference 
jetween tlip assigned and computed values of E, is strong evidence 
£hat constant errors have not been removed with sufficient pro¬ 
vision. On tiio other hand, satisfactory agreement may occur 
when all of the re’s arc nfTcctcd by the same constant error. Con¬ 
sequently such agreement is not a criterion for the absence of 
constant errors, but only for their equality in the different meas- 
jrementa. 

47 . Numerical Example. — As an illustration of the applica¬ 
tion of the foregoing principles, consider the micromotor measure- 
nents given under x in the following table. They represent the 
results of six series of measurements similar to that discussed in 
article forty-two, the last ono boing taken directly from that 
xrticlc. Tlio probable errors, computed as in article forty-two, 
ire given under E. They differ partly on account of differences 
n the number of observations in the several scries, and partly 
'rom the fact that the individual observations were not of the 
same precision in all of the series. The squares of tho probable 
errors multiplied by 10’ are given under E' 1 X 10* to the nearest 
:ligit in the last place retained. It would be useless to carry them 
jut further as the weights aro to be computed to only two signifi¬ 
cant figures. 


X 

K 

a;* x io* 

w 

tu 

19-1.03 

0.060 

44 

u 

0.000 

103.79 


Ml 

3 

0.127 

194.15 

0.091 

83 

6 

0.000 

103.85 

0.11 

121 

4 

0.110 

103.22 

0.009 

98 

5 


194.17 

0.047 

22 

22 

0.0-17 


Talcing J3 t equal to 0.22 gives E a 2 X 10‘ equal to 484, and by 
ipplying equation (30), we obtain the weights given under u> to 
Mo nearest integer. Inverting the process ami computing tho 











7 ?’s from the assigned to a aim give* mo nunmors in the last 
column of the table. Since those numbers ugrc;o with the given 
Uh within less than two unity in tin) .second significant figure, Wo 
may assume that the approximation adopted in computing the 
w’s is justified. If the agreement was less exact and any of the 
differences exceeded two units in the second significant figure, it 
would Ijo necessary to compute the 10 's further, or, better, to adopt 
a different value for &, such that Uto agreement would be suffi¬ 
cient with integral values of the w’s. 

For the purposo of computation, equation (37) may ho written 
in the form 

_ n , wi (mi - C) -h Wi ^') ;f- • • • -[- w,,, (.r, P1 j- (?) 

” 0 + wi -I- m H- • ■ • -1- u» w ' 

whoro C is any convenient number. Fn Ihn present enso 103 ig 
chosen, mul the products w (x - IM) arc given in the first column 
of tho following table. 


iu (1 — 103) 

r 

0 X HI* 

i.U X in* 

11.33 

-0.WM 

-12 

■102 

2.37 

-O.HOfi 

OIK) 

27110 

0.90 

-[-0.055 

:io 

ISO 

3. -10 

-0.215 

(ii in 

2101) 

0.10 


15(1 

7H0 

25.7-1 


511 

1202 

66.84 

HH 


7M-I 


Substitution iu tho above equation for (lie general mean gives 


Xq *» 


103 4-^ 
U M I fll 


IfROOfi, 


and this is tho most probable value that wo eim assign to tho 
numeric of tho measured magnitude on the basis of tlio given 
moasuromonts. 

By equation (38) the weight, tu 0 , of tbn general mean is Cl, 
Honco equation ('ll) gives 

A' 0 » m -1; (),()3 [ 

V51 

for tho probable error of Xo. ftelecling the first measuroment 







nee its weight corresponds exactly to its probable error, equa- 
on (42) gives 

Eo = O.OGG \/~ =±0.031. 

V 51 

r tlio second, third, or fifth measurement had been chosen, tho 
isults derived by the two formula) would not have been exactly 
like; but tho differences would amount topnly a few units in the 
jeond significant figure, and consequently would be of no prac- 
cal importance. However, it is better to proceed ns abovo and 
*lcct a measurement whoso weight corresponds exactly with its 
robnble error as shown by tho fifth column of the first tablo 
hove. 

The residuals, computed by subtracting a*o from each of tho 
iven measurements, are given under r in the second table; and 
teir squares multiplied by 10 1 arc given, to tho nearest digit in 
\a last placo retained, under r® X 10'. The last column of tho 
lblo gives the weighted squares of the residuals multiplied by 
3'. Tho sum, [wr 2 ], is equal to 0.784. Hence by equation (43) 

E. = O.G745t/EZ?E = ±0.27, 

V 5 

id by equation (44) 

i'.- 0.0745 =± 0.037. 

* 51 X 5 

hese results agree with the assumed valuo of E a and tho pre- 
iously computed value of Eo as well as could be expected when 
> small a number of measurements aro considered. Consc- 
aontly we are justified in assuming that tho given measurements 
•e either free from constant errors or all affected by tho snmo 
instant error. 

In practice the second method of computing E 0 is seldom used 
hen the probablo errors of tho given measurements are known, 
nco its value ns an indication of tho absence of constant errors 
not sufficient to warrant the labor involved. When tho prob- 
4e errors of the given measurements aro not known it is tho 
ily available method for computing #o and it is carried out hero 
r tho sako of illustration. 



CHAPTER VII. 

THE METHOD OF LEAST SQUARES. 

48 . Fundamental Principles. — Lot A', A'a, . . . X,„ and Y u 
y 2t . . . y„ represent the true numerics ol a number of quan¬ 
tities expressed in levins of ft chosen system of units. Suppose 
that tlie quantities represented by the P’s have been directly 
measured and that wo wish to determine the remaining quantities 
indirectly with the aid of U 10 given relations 

Yi = l‘\(X u X 2 , . . . X q ), 

Y 2 = F 2 {X u X 2 , . . . A',), 

Y n ~K(Xi,X2, • • - A',). 

Tho functions F h F 2l . . . F„ may bo alike or different in form 
and any ono of them may or may not contain all of the A r ’s, but 
the exact form of each of them Is supposed (.0 be known. 

If tho P’s were known and the number of equations wore equal 
to tho number of unknowns, the A r, s could be derived at onco 
by ordinary algebraic methods. The first condition is never ful¬ 
filled since direct measurements never give tho true value of tho 
numeric of the measured quantity. Lei xj, x if . . . x„ represent 
tho most probable values that can bo assigned to the F's on the 
basis of tho given measurements. If these values are substituted 
for the y»s in (45), the equations will not be exactly fulfilled and 
consequently the true value of tho A r \s cannot be determined. The 
diffcroncos 

F 1 (A\ X 2 , . . . X n ) “ «[ = Ai, 

M x u x 9t . . . Xq) -* a « a 2j 

Fn (Xl, X 2l . . . Xq) — X„ = A„ 

ropresont the true accklcntal errors of the x’s. 

Let .ti, x 2 , . . . Xq ropresont the most probable values that wo 
caa assign to the X’h on tho basis of tho givon data. Thou, since 
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Ik; s’s bear a similar relation to tlio K’s, equations (45) may bo 
written in tiie form 


l'\ (.X\,z*, . . . .i*,) = si, 

Fi Ofl, X2, . ■ . %g) “ .S'2, 

F n (."Cl, &•>, ■ • • Xg) — tint 


(47) 


.'hero the functions I<\, F 2 , etc., have exactly tho same form as 
cfore. When tltc number of s’s is equal to the number of .ids, 
hose equations give an immediate solution of our problem by 
rdinnry algebraic methods; but in such cases wo have no data 
ir determining the precision with which the computed results 
^present the true numerics X\, A r 2 , etc. 

Generally the number of s ’s is far in excess of the number of 
nknowns and no system of values can lie assigned to the ids 
liat will exactly satisfy all of the equations (47). If any assumed 
allies of tho ads arc substituted in (47), the differences 

F 1 . . . x q ) ~ si = r u 

Fz (a-i,.->: 2 , • . . x Q ) - s-i = r 2j ^ 

* F n (.rijSa, ■ . • x q ) - s k = r n 


ipresont the residuals corresponding to the given s'a. Obviously, 
ic most probable values that we can assign to tho ids will be 
tosc that give n maximum probability that these residuals aro 
3 uul to the true accidental errors Ai, A 2 , etc. 

If the s’s are all of the same weight, the A’s all correspond to 
ic same precision constant cu. Consequently, us in articlo thirty- 
ve, the probability that the A’s arc equal to the r’s is 

„ -"T-lm'-W + • • • + n.») 


nd this is a maximum when 

n 2 + r 2 2 + ■ • • + r n 2 = [r 2 ] - a minimum. (49) 

fence, as in direct measurements, the most probable values that 
0 can assign to the desired numerics are those that render the 
im of tho squares of tho residuals a minimum. For this reason 
ic process of solution is called tho method of least squares. 





CHAPTER VII. 

THE METHOD OF LEAST SQUARES. 

48 . Fundamental Principles. — Let A*,, A r 2 , . . . X,„ and 1',, 
Yt, . . . T n reprosonl the truo numerics of a number of quan¬ 
tities expressed in terms of a chosen system of units. Suppose 
that the quantities represented by the E’s have been directly 
measured and that we wish to determine the remaining quantities 
indirectly with the aid of the given relations 

Ki = A’i(AVY 2l . . . A%), 

Yi = P'i (X |, X‘i, . . . Ay), 

Y n = F„ (AT 1 , X‘i, . . . A r „). 

The functions F lt F h . . . F n may bo alike or different in form 
and any one of them may or may not contain all of the X'», hut 
tho exact form of each of thorn is supposed to be known. 

If the F’s were known and the number of equations were equal 
to the number of unknowns, the A r ’s could be derived at onco 
by ordinary algebraic methods. The first condition is nevor ful¬ 
filled since direct measurements never give tho true value of tho 
numeric of tho measured quantity. Let «i, .s' 2 , . . . ,s„ represent 
the most probable values that can bo assigned to tho F’s on tho 
basis of tho given measurements. If these values art! substituted 
for the T’s in (45), tho equations will not bo exactly fulfilled mid 
consequently the true valuo of tho A^s cannot bo dotonninod. The 
differences 

F 1 (Xi, Xa, . . . X q ) — m — Ai, 

Fz(X U X 2> . . . Xq) « A* 

Fn(Xi,X2, . . . Xq) — -Si *■- A„ 

represent the truo accidental errors of tho .v’s. 

Lot :ti, 3 2 , . . . represent the most probable values that wc 
can assign to the X’s on the basis of tho given data. Then, since 
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he s’s hour a similar relation to tho K’s, equations (45) may bo 
written in tho form 


F t Or), x-i, . . . x 7 ) = si, 

l'\ (xi, a-o, . . . x,) = .s 2 , 

F n (xj, X2, • • • x,,) = s„, 


(47) 


,'hcre tho functions F h l'\, etc., have exactly the same form as 
tefore. When the number of s’s is equal to tho number of x’s, 
hose equations give an immediate solution of our problem by 
rclinary algebraic methods; but in such eases wo have no data 
or determining the precision with which tho computod results 
epresent the true numerics A r i, AT 2 , etc. 

Generally the number of s’s is far in excess of tho number of 
unknowns and no system of values can bo assigned to the x’s 
hat will exactly satisfy all of tho equations (47). If any assumed 
alues of tlte x’s arc substituted in (47), the differences 

F\ (x,,x 2) -si = ri, 

7b (xi, x 2 , • • • x 47 ) — 62 = V‘i, (48) 

* F u (xi, x-i, . . . x 9 ) - s- n = r n 


epresent the residuals corresponding to the given s’a. Obviously, 
he most probable values that we can assign to the x’s will be 
hoso that give a maximum probability that these residuals arc 
qual to the true accidental errors Ai, A«, etc. 

If the s’s are all of tho same weight, the A’s all correspond to 
he savno precision constant w. Consequently, as in artiole thirty- 
ivc, tho probability that tho A’s arc equal to the r’s is 


—-Tj (»I* r » s + • • • +rn») 

o u e k 


nd this is a maximum when 

» , i a + »’a a + • • • + r n 2 = [r 2 J = a minimum. (49) 

fence, as in direct measurements, tho most probablo values that 
re can assign to tin; desired numerics aro Ihoso that rondcr the 
um of the squares of tho residuals a minimum. For this reason 
he process of solution is called tho method of least squares. 


Since tho r’s are functions of the q unknown quantities x h z- 2 , 
otc., the conditions for a minimum in (•!!)) are 


^lr ! ) = 0; rf- [>' ! 1 = 0; • 

dxi OX2 




(50) 


provided the a’s are entirely independent in the mathematical 
sense, i.c., they are not required to fulfill any rigorous mathe¬ 
matical relation such as that which connects the three angles of 
a triangle. Tho equations (47) are not such conditions since the 
fuuctious l'\, Fi, etc., represent measured magnitudes and may 
lake any value depending on the particular values of tho .u’s that 
obtain at the time of the measurements. When tho r’s are re¬ 
placed by the equivalent expressions in terms of the a’s and s’s as 
given in (48), the conditions (50) give q, and only q, equations 
from which tho x’s may be uniquely determined. 

If the weights of the s’s arc different, the A’s correspond to 
different precision constants an, <02, o> n given by the rela¬ 
tions __ _ _ 

(0j — (J>a V’WiJ 0)2 = 0 >s V ' 10%, . . . (J> n = W a vW n) 

where is the precision constant corresponding to a standard 
measurement, i.c., a measurement of weight unity; and w u 
. . . , w n are tho weights of the s’s. Under these conditions, as 
in article forty-five, the most probable values of the x'n am thoso 
that render the sum of the weighted squares of the residuals a 
minimum. Thus, in tho ease of measurements of unequal weight, 
the condition (49) becomes 

wp -, 2 {- ?i> 2 r 2 2 + ■ • • + w»r n a = [wr 3 ] = a minimum, (51) 


and conditions (50) bccomo 


JL 

dXi 


M = 0; 




= (52) 


49 . Observation Equations. — The equations (50) or (52) can 
always be solved when all of the functions F i, Fi } . . . F n are 
linear in form. Many problems arise in pmctico which do not 
satisfy this condition and frequently it is impossible or incon¬ 
venient to solve the equations in their original form. In such 
eases, approximate values aro assigned to the unknown quantities 
and then tho most probable corrections for tho assumed values 
arc computed by the inothod of least squaros. Whatever the form 



of the original functions, the relations between the corrections can 
always be put in the linear form by a method to be described in a 
later chapter. 

When the given functions are linear in form, or have been 
reduced to the linear form by the device mentioned above, equa¬ 
tions (47) may be written in the form 

flitfi + bix* + Ci.t ‘3 + . . . + p\X q = Si, 

02^1 + 1>2Xq, + C2X3 + . . . + p 2 X q = <S' 2 i 

a n X] f b n X 2 + CnXs + . . • + p„x q = s„, 

whore the a’s, b’ s, etc., represent numerical constants given either 
by theory or as the result of direct measurements. Those equa¬ 
tions are sometimes called equations of condition; but in order 
to distinguish them from the rigorous mathematical conditions, 
to be treated later, it is better to follow the German practice and 
call them observation equations, “Boobaehtimgsglcicliungen.” 

By comparing equations (47), (48), and (53), it is obvious that 
the expressions 

«)£i + b 1X2 + C1.T3 + • • • + V\X q 

a 2 Xi + b&i + C2.X3 + • • • -f p 2 x, t 

a n x 1 -I- b n x 2 + c n x 3 + • • • + p n x q 




give the residuals in terms of the unknown quantities x if x 2l etc., 
and the measured quantities Si, Si, etc. 

50 . Normal Equations. — In the case of measurements of 
equal weight, we have seen that the most probable values of the 
unknowns .iq, x 2 , etc., are given by the solution of equations (50) 
provided the x’s are independent. Assuming the latter condition 
and performing the differentiations we obtain tho equations 



(0 



Differentiating equations (54) with respect to the x s gives 


Or 1 Or 2 __ . 

= a 1 ; T-<* 2 , 

♦ • • ) 

\ « « 

3.c, 


d.c 2 bh OXi a ' 

• • • ) 

0r n i 
^ = b ” 

(ii) 

3?’i 3r 2 _ n . 

to'-* 1 ' ^~ P2 ’ 

• • • f 

= v 

Ox, Ph> 


and hence equations (i) become 




rifli + r 2 tt 2 4- • . 

» 4" r,,fl n 

= 0 , 


?‘ibi -f- ? - 2 b 2 4" . • 

. 4" r n b n 

= 0, 

(iii) 


TlPl + r 2 p 2 + • • • + ~ 0 . I 

Introducing the expressions for the r’s in terms of the x s from 
equations (54) and putting 

[ua\ = ttifli + U 2 O 2 + ( h<is + * ' • + 

[fib] = (l\bl + fl2^2 + + * • • + a nbn, 

[ns] = aiSi + CI2S2 + Q353 + • • • + fi n Sni 

[ba] = i>iQi + b 2 a 2 + bzO-z + * * ' ~t~ bn^n = 

[bb] = bibi -|-/J2^2 4“ b.1&3 + ' ' ’ 4“ bnbnt 

[be] — b\C\ -f- b 2 Ca + f>3C3 4" • • • -\-b n c„, 

fpp] = PlPl + Ptf** + 7>3P3 -h • • • + P*Pnt 
equations (iii) rcduco to 

[aa] a;i 4~ [ob] -J- [ac[ 0:3 4 “ * • • + [^pl^i = I a6 ’I) 

[ab] :ci 4~ [bb]x2 4“ [be] *3 4“ * * • 4~ I^Pl^a = [bs], 

[ac] *1 4 - [be] x 2 + [cc] .r 3 -f- • • ■ + [cp] x q = [cs], 

[ap] *i 4“ [bpl^'a 4“ [cp]*3 4“ * * * 4“ (ppl^u = ['P S L 

giving us q, so-called, normal equations from which to determino 
the q unknown ft's. 

Since the normal equations are linear in form and contain only 
numerical cocflicionts and absolute terms, they can always bo 
solved, by nny convenient algebraic method, provided they aro 
entirely independent, i.e., provided no 011 c of them can be ob¬ 
tained by multiplying any other one by a constant numerical 





factor. This condition, when strictly applied, is seldom violated 
in practice; but it occasionally happens that one of the equations 
is so nearly a multiple or submultiplc of another that an exact 
solution becomes difficult if uot impossible. In such cases the 
number of observation equations may be increased by making 
additional measurements on quantities tlmt can be represented 
by known functions of the desired unknowns. The conditions 
under which these measurements arc made can generally be so 
chosen that the new sot of normal equations, derived from all of 
the observation equations now available, will be so distinctly 
independent that the solution can bo carried out without difficulty 
to the required degree of precision. 

By comparing equations (53) and (56), it is obvious that the 
normal equations may be derived in the following simple manner. 
Multiply each of the observation equations (53) by the. coefficient 
of .ti in that equation and add the products. Tho result is the 
first normal equation. In general, q being any integer, multiply 
each of the, observation equations by the coefficient of x q in tlmt 
equation and adcl the products. The result is the 7 th normal 
equation. Tho form of equations (56) muy be oanWy fixed in 
mind by noting the peculiar symmetry of tho coefficients. Those 
in tho principal diagonal from left to right are [an], [bb\, [ce], etc., 
and coefficients situated symmetrically above and below this 
diagonal arc equal. 

When the given measurements are not of equal weight, tho 
observation equations (53), and the residual equations (54) remain 
unaltered, but the normal equations must he derived from (52) 
in place of (50). Since the weights an, io 2 , etc., arc independent 
of the x’s, if wc treat equations (52) in the same manner that wc 
have treated (50), wc shall obtain tho equations 

Winai + uwaaa-l- • • • + w«r B a» = 0, 

Wirih + w 2 r 2 b 2 + • • • + w n r n b n = 0 , 

W 1 P 1 +W 2 pa + • • • -\-W H r n p n = 0 , 
in placo of equations (iii). Hence, if wc put. 

[waa] = w l a i a i + w 2 a z a z -{- • • • + ?y„a n a n , 

[ms] = WiSi +1080889 + • 1 * +Wn«nS„, 

[wpp]= W,PiP,+ W 2 p 2 p 2 + • • • +WnVnV«, 


0 v) 


(57) 



the normal equations become 

[waa]xi + [wab]x$ 4- [w«c]x 3 -J- • • • -J- [wap] x q - [was], 

[wCth] Ci 4" [ ,i; 66] C'2 4“ [w6c] C 3 4“ ' ' ' 4“ [iwb/j] Xq = [U/6s], 

\wa.c\ Ci 4" [uibc] Xz 4~ \wcc\ £3 -J- * * * -I - [wc/>] x q — [?oc$] f 


(58) 


[uitt 7 )l.-Pi 4 -[w 6 p]--Pa + [iwp]a :3 4- • • • 4 -{iopp}x IJ = [wps]. J 
These equations are identical in form with equations (50), and 
they may be solved under the samo conditions and by the same 
methods as those equations. Consequently, in treating methods 
of solution, we shall consider the measurements to be of equal 
weight and utilize equations (56). All of these methods may bo 
readily adapted to measurements of unequal weight by substitut¬ 
ing the coefficients as given in (57) for those given in (55). 

51 . Solution with Two Independent Variables. — When only 
two independent quantities are to be determined the observation 
equations (53) become 

a 1*1 4 - bi&a - Si, ] 


floC'l 4" & 2 -C 2 ~ ^ 2 i 


(53a) 


fl„£i 4- b H Xi = S H , 


and the normal equations (56) reduce to 
[aal .Ci 4- Jafcl *2 = M, 
[a 6 ]ci 4 - [ 66 ] £2 — [bs]. 


(50a) 


Solving these equations we obtain 

[66] [us] — [«6] [6s] 

3:1 _ "M 1661 - [a6]> ■’ 

* _ [««] [ 6 s] - [a 6 l [as] 

X2 £na] [66] - [06] 2 

As an illustration, consider the determination of the length L 0 
at 0° C., and the coefficient of linear expansion <v of a metallic 
bar from the following measurements of its length L< at temper¬ 
ature t° C. 


t 

Li 

d.° 

mm. 

20 

1000.36 

30 

1000.63 

40 

1000.74 

50 

1000.01 

60 

1001.00 



Within the temperature range considered, L t and t are connected 
with Lq and a by the relation 

L t = L a (1 + al) y 

Lt — ho Loot, (v) 

and a set of observation equations might be written out at onco 
by substituting the observed values of Lt and l in this equation. 
But the. formation of the normal equations and the final solution 
is much simplified when the coefficients «ancl absolute terms in the 
observation equations aro small numbers of nearly the same order 
of magnitude. To accomplish this simplification, the above func¬ 
tional relation may be written in the equivalent form 


and if wc put 


it becomes 


Lt - 1000 = L 0 ~ 1000 + lOLotx-^* 

L t - 1000 = s; ~ = b, 

Lq — 1000 — 3i| 10 LtjOt — Xq f 
Si + bx-i — s. 


(vi) 


Using this function, all of the a’s in equation (53a) become equal 
to unity and the b’s and s’s may be computed from the given 
observations by equations (vi). Ilcnce, in the present case, 
the observation equations arc 

+ 2 = ,30, 

3i + 3.r 2 = .53, 

3i + 4a.- 2 — .74, 

31 + 532= .91, 

3i + fl3 a = 1.06. 

For the purposo of forming the normal equations, the squares 
and products of the coefficients and absolute torms aro tabulated 
ns follows: 


Oba. 

OQ 

a 6 

06 

bb 

bs 


1 

2 

0 30 

4 

0.72 



3 

0.63 

9 

1.60 



4 


16 

2.06 


1 

6 


26 

4.66 

6 

1 

6 

HUB 

36 

6.30 


5 

20 

3.00 

90 

16.18 


[na) 

[flbl 

[as] 

m 

1M 


Substituting these values of the coefficients in (56a) gives the 
normal equations 

















and by (59) wo have 

90 X 3.60 - 20 X 10.18 . A AAO 

*■ =-5 X ill) -lOO- a ° 08 ’ 

5 X 10.18 - 20X 3.00 ni7Q 

-5 X 90 — 400 °- 178 * 

From these results, with the aid of relations (vi), wo find 
L 0 = .ri + 1000 = 1000.008, 


and finally 


L a a = y? = 0.0178, 

« = ^4— 8 = 0.0000178, 
La 


h = 1000.008 (1 + 0.00001780 millimeters. (vU) 
The differences between the values of L t computed by equation 
(vii), and the observed values give the residuals. But they can 
be more simply determined by using the abovo values of an 
and an in the observation equations and talcing the difi'ercnco 
between the computed and observed values of s. Thus, if 
represents the computed valuo and r the corresponding residual 
s' = 0.008 + 0.178 6, 
and r = s' - $. 

With the values of s and b used in the observation equations wo 
obtain the residuals as tabulated below: 


«■ 

e 

r 

r* X 10’ 

0.304 

0.30 

+0.001 

o.io 

0.642 

0.53 

+0.012 

1.44 

0.720 

0.74 

-0.020 

4.00 

0.893 

0.91 

-0.012 

1.44 

1.070 

1.00 

+0.010 

2.60 




Since the above values of Xi and 32 wore computed by the molhod 
of least squares, the resulting value of [r 2 l, i.c., .000960, should bo 
less than that obtainable with any other values of xi and 3a. 
That this is actually the ease may be verified by carrying out tho 
computation with any other values of Xi and xz. 










52 . Adjustment of the Angles About a Point. — As an illus¬ 
tration of the application of the method of least squares to the 
solution of a problem involving more than two unknown quanti¬ 
ties, suppose that we wish to determine the most probable valuo 
of the angles yi i, A 2 , and As, Fig. 9, from a scries of independent 
measurements of equal weight on the angles, ftt 1 , M 2 , . . . Mo. 
If the given measurements were all exact,The equations 

A\ = Mi) As — Ms) As = 

/ 11 -(- / 12 = Mi ; A 1 -f- As -f- A 3 = Af&j and'^a^-p A 3 = Mo, 

<t 4 

would all be fulfilled identically. Tfa^jaetice fhjs^is never the 
case and it becomes 
necessary to adjust the 
values of the A ’s so that 
the sum of the squares 
of the discrepancies will 
be a minimum. Tho 
adjustment may be ef¬ 
fected by adopting the 
above equations ns ob¬ 
servation equations and 
proceeding at onco to 
the solution for tins A’s 
by the method of least 
squares. But the ob¬ 
served values of the M’s 
usually involve so many 
significant figures that 
the computation would 
be tedious. It is better 
to adopt approximate 
values for the d’s and then computo the necessary corrections by 
the method of least squares. 

For this purpose, suppose we adopt M 1 , Ms, and Mo ns approxi¬ 
mate values of A\, As, and A 3 respectively and let X\, xs, and a 3 
represent the corrections that must be applied to the M’s in order 
to give the most probable vnlnes of the A’s. Then, putting 

Ai = M i+Si, As = Ms 4- x 2 , and A z ~ Ms -f&a, (viii) 
the above equations become 




and by (59) wo have 

90 X 3.60 


a, « 


= 


5 X 90 - 400 
5 X 16.18 - 20 X 3.GO 
5 X 90 ~ 400 


20 Xl6 -^ = 0.008, 


= 0.178, 


From these results, with the aid of relations (vi), wo find 
L 0 - xi + 1000 - 1000.008, 


I JV pt = ^ = 0.0178, 

a = = 0.0000178, 

Ijq 

and finally • • 

Lt = 1000.008(1 + 0.0000178 0 millimeters. (vii) 
The differences between the values of Li computed by equation 
(vii), and the observed values give the residuals. Hut they etui 
be more simply determined by using tho abovo values of .ti 
and Xi in the observation equations and taking tho difference 
between the computed and observed values of a. Thus, if s' 
represeuts the computed vnluo and r the corresponding residual 
s' = 0.008 + 0.178 5, 
and r = s' — s. 

With the values of -s and b used in the observation equations we 
obtain the residuals as tabulated below: 



mm 

r 

r* X 10> 

0.364 


+0.00-1 

0.10 

0.642 


+0.012 

1.44 

0.720 


-0 020 

4.00 

0.898 

0.91 

-0012 

1.44 

1.070 

1.00 

+0.010 

2.60 


lr»]»9.flOXlO-« 


Since the above values of a?i and rc 2 were computed by the mothod 
of least squares, tho resulting value of [r 2 ], i.c., .000960, should bo 
less than that obtainable with any other values of X\ and cc 2 . 
That this is actually the ease may bo verified by carrying out tho 
computation with any other values of an and x-i. 







52 . Adjustment of the Angles About a Point. — As an illus¬ 
tration of the application of tins method of least squares to the 
solution of a problem involving more than two unknown quanti¬ 
ties, suppose that wo wish to determine the most probable vahio 
of the angles Ai, A 2 , aiul A 3 , Fig. 9, from a scries of independent 
measurements of equal weight on the nnglps, M if Mt, . . . A 
If the given moasuroincnts were all exact,^tlie 'equations 

Ai ■■= Mi) ~ M 2 ) A3 =*^8) 

/ 11 “h A 2 = /J/ 4 ) A 1 -j- A 2 -j- A 3 = M b,* A 3 = Me, 

would all bo fulfilled identically. rS^ractico fhjy Ja novel* the 
case and it becomes 
necessary to adjust tho 
values of the A ’s so that 
the sum of the squares 
of the discrepancies will 
be a minimum. Tho 
adjustment may bo ef¬ 
fected by adopting the 
above equations as ob¬ 
servation equations and 
proceeding at once to 
tho solution for the A'.s 
by the method of least 
squares. But the ob¬ 
served values of the M’s 
usually involve so many 
significant figures that 
the computation would 
be tedious. It is better 
to adopt approximate 
values for the /I’a and then compute the necessary corrections by 
the method of least squares. 

For this purpose, suppose we adopt Mi, M 2 , and M 3 ns approxi¬ 
mate values of A h A 2 , and A 3 respectively and let an, x*, and x 3 
represent the corrections that must bo applied to the M’s in order 
to give the most probable values of the A’s. Then, putting 

Ai = Mi + Xi, A 2 = M 2 + .? 2 , and A 8 « Afa(viii) 
the above equations become 




Xi = U. 

x 2 ~ 0 , 

. 1:3 == 0, 

Xi 4 %2 = &U - (Jl/i + M 2 ), 

.Ti 4 0:2 4- ®3 = Mt — (Mi + + ^3), 

X2 4- £3 = itf, — (il/a 4 ^3). 

To render the problem definite, suppose that the following 
values of the M’s have boon determined with nil instrument read¬ 
ing to minutes of nrc by verniers: 

Mi = 10° 49'.5, Mi = 45° 24 , .0, 

Mt = 34° 36'.0, Ah = 60° 53'.0, 

M 3 = 15° 26'.5, M 6 = 50° 0'.0. 

Substituting these values in the nbovo equations we obtain 

x\ = 0 , 

Xi — 0 , 

x-i = 0 , 

an 4* ffa = - T.5, 

x\ 4 Xi 4 *3 - 2'.5, 

X 2 4ij = - l 7 .5. 


Adopting theso as our observation equations and comparing with 
(53) we obtain the coefficients and absoluto terms tubulnted bolow: 


Oba. 

0 

b 

c 




0 

0 

0 

2 

0 

1 

0 

0 

3 

0 

0 

1 

0 

4 


1 

0 

-1.5 

6 


1 

{ 

2.6 

0 

0 

I 

l 

-{.5 


The squares and products of the coefficients and absoluto terms 
may be tabulated, for the purpose of forming tho normal equations, 
as follows: 


oa 

ab 

QC 

oa 

ib 

be 

fia 

re 

C8 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

{ 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

1 

1 

0 

~l.fi 

1 

0 

-l.fi 

0 

0 

1 

1 

1 

2.6 

1 

1 

2.6 

1 

2.6 

0 

Bl 

0 

0 

1 

1 

-l.fi 


-l.fi 

3 

(no) 

1 

1 

(eel 

M 

•1 

m 

2 

[tc] 

-0.6 

16*1 

3 

[cc\ 

1 

[CV5] 






























Substituting these values in (56) the three normal equations 
become 

3.fi + 2 x 2 + 1 Xa — 1 , 

2 X\ + 4 xz + 2 xz — — 0.5, 

1 X\ -f- 2 3 xa — 1, 

and solution by any method gives 

xi = 0.625; x a = - 0.75; x a = 0.G25. 

With these results togetlicr with the given values of Mi, Mi, 
and Mz wo obtain from equations (viii) 

A i = 10° 50M25, 

A 2 = 3*1° 3.V.25, 

A a = 15° 26'.125. 

In a problem so simple as the present the normal equations are 
generally written out at oneo from the observation equations by 
the rule stated in article fifty, without taking tho space and time 
to tabulate the coefficients, etc. But, until the student is thor¬ 
oughly familiar with the process, it is well to form the tables as 
a check on the computations and to make sure that none of tho 
coefficients or absolute terms havo been omitted, lor this reason 
the tabulation has been given in full above and tho student is 
advised to carry out the formation of the normal equations by 
the shorter method as an exercise. 

53 . Computation Checks. — When the number of unknowns 
is greater than two and a large number of observation equations 
are given with coefficients and absolute tenns involving more than 
two significant figures, the formation of the normal equations is 
tho most tedious and laborious part of tho computations. It is, 
therefore, advantageous to devise a moans of checking tho com¬ 
puted coefficients and absolute terms in tho normal equations 
before wo proceed to the final solution. 

For this purpose compute the n quantities t\, U, . , . i n by tho 
equations 

«i + 5i + Ci + • • • H- pi = ti, 

0.1 + hi C2 -f- • • • -f- Pi = U, 

+ hn + Cf» + • • • + Pn ~ t n , 




whcro tho rt's, b’s, etc., tiro the coefficients in the given observa¬ 
tion equations. Multiply the first of equations (00) by Si, the 
second by s 2 , etc., and add the products. The result is 

M 4- N + [«]+•■-+ M (fit) 


In the same way, multiplying by the «’s in order and adding, then 
by the 6 ’s in order and adding, etc., we obtain the following rela¬ 
tions 


[aa] 4 [ab\ 4* M 4 • • • 4* [ap] - [all 

[ab] 4 [W»J 4 N + - ■ • 4- [M = 

[ac\ 4 [M 4 [cc] 4 ■ • • 4 [cp] « \cl\, 


( 02 ) 


M + M 4 M 4 * • • 4 l?p) = \pt\- 


If the absolute terms in the normal equations have been accu¬ 
rately computed, equation (GI) reduces to au identity. If the 
coefficients have been accurately computed equations ( 02 ) all 
become identities. Hence (Gl) is a check on the computation of 
the absolute terms and equations (62) bear the same relation to 
the coefficients. The extra labor involved in computing the quan¬ 
tities (/«], [al] t . . . , [pi] is more than repaid by the added confi¬ 
dence in the accuracy of tho normal equations. 

When all attainable significant figures are retained throughout 
the computations, the checks (61) and (62) should be identities. 
In practice the accuracy of the measurements is seldom sufficient 
to warrant so extensive a use of figures, and, consequently, the 
squares and products, an, ab, . . . as, af, etc., uro rounded to such 
an extant that the computed values of tho ads will come out with 
about tho same number of significant figures as the given data. 
Judgment and experience are necessary in determining the number 
of significant figures that should be retained in any particular 
problem and it would be difficult to state a general rule that 
would not meet with many exceptions. When tho computed 
coefficients and absolute terms are rounded, ns above, the checks 
may not come out absolute identities, but thoy should not bo 
accepted as satisfactory when the discrepancy is more than two 
units in the last place retained. 

54 . Gauss’s Method of Solution. — When the normal equa¬ 
tions (50) are entirely independent, they may bo solved by any 
of the well-known methods for the solution of simultaneous 
linear equations and lead to unique values of the unknown quail- 



titles Xu Xu ot<;. Gauss’s method of substitution is frequently 
adopted for this purpose since it pormits the computation to bo 
carried out in symmetrical form anti provides numerous checks 
on the accuracy of the numerical work. The general principles 
of the method will be illustrated and explained by completely 
working out a case in which there aro only three unknowns. 
Since the process of solution is entirely symmetrical, it can be 
easily extended for the determination of a larger number of 
unknowns, but too much space would be required to carry through 
the more general case here. 

When only thvee unknowns aro involved, tho normal equations 
(66) and the check equations (00) and (61) may bo completely 
written out in tho following form, tho computed quantities and 
equations being placed at the loft, and the checks at tho right, 

f an] xi + [«A] -h [ac] x 3 = [as]. [on) + [ab] + (no] = [o/]. 

[ah] Xi + [AA] x 2 “k [fee] -r 3 “ M- [ah] + [bb] + (he] = [ft/], 

foe] an -I- [Ac] * 2 + [cc]x 9 = [cs], [ac] + [Ac] + M - [c/]. 

M + [As] 4- M = N- 

Solve tho first equation on the left for an, giving 


(03) 


Bl 


_ M f«A) M 


[un] [on]' [an] 




(04) 


Compute the following auxiliary quantities: 

[AA] - [“} ^ ' ] 1- N " |“j M - ibi • 1], 

N - j^j M = \bc • 1], [ci] - g [at] = [cl • 1], 

M - M - lb* • 1], [fit] - [at] = [si • 1], 

M “ = * tc * 

n -r [ “ s) = [cs-1] - 

As a chock on those computations we notice that 

• 1] + [bo • 1] = [bb] + lie] - j^j (M + [nc]), 

= [W] - [«!«] - ]^| (M - M), 

= 16(]-|^[< I /] = [6M]. 



In a similar way wc may show that wo should have 

[6c* l] + [«• 1] - [c(- I] and [6s* 1] 4- [cs* 1] = [«(• 1]. 

Substituting (64) in the last two of (66) and placing the above 

chocks to the right, wo have the equations 

[ 66 . 1 ] Xa 4 ( 6 c• l].t 3 = [ 6 s* Ij, [66 • 1 ] 4 [ 6 clj - [bt • I], 

[6c 1] x-i 4 [cc • 1] x 3 = [cs* 1], (6c- I] 4 [cc 1] - [cl • [], (Go) 

[6s • 11 4 [es • I ] = [at • 1], 

which show the same type of symmetry as (66), but contain only 
two unknown quantities. Solve the first of (65) for £2 giving 

( 66 ) 


_[6cl]_[6c_M 

£2 — r',.,. ,i r?,j,. {j ,t,3 > 


[66-1] [66 

and compute the following auxiliaries: 

[cc. 1] - li, c -1 ] = [cc. 2], Id 


[«•!]“ 


[ 66-11 
[6c 1} 
[ 66 - 1 ] 


[6s • l] “ [cs • 2], [si 


11 ~ n = tci- 2 ). 

By a method similar to that used above wo can show that wo 
should have 

[cc * 2] = [cl • 2] and [cs - 2] = [si • 2[. 

Hence, substituting (66) in the last of (05), wo have 
[cc • 2] X 2 = [cs • 2], [cc • 2] - [cl • 2], 

[cs • 21 = [st • 2], 

and consequently 

[CS. 21 


* a [cc • 2] 


(67) 


Having determined the value of Xu from (67), a ! 2 may be cal¬ 
culated from (60), and then X\ from (6*1). 

A very rigorous check on the entire computation is obtained us 
follows: using the computed values of Xi, x 2 , anti #3 in equations 
(54), derive the residuals 

n = Uj.Ti 4 btf-i 4 c»a;3 - «i, 
r 2 = (hXi 4 63 . 1:2 + Cj.t 3 - {>' 2 , 


r„ * «»»i 4 b n x 2 4 c n xt - s„, 


and then form the sums 

M = n 2 4 »*a s 4- rs 2 4 ... 4 r„ 2 , 
[ss] = Sl 2 +S2 2 4s* a 4 • • • +s„ 2 . 


( 68 ) 



If the computations arc all correct, the computed quantities will 
satisfy the relation 


M-[«,}-mi 


[c s «2] 
[cc • 2 ] 


[c.s • 2]. 


(09) 


To prove this, multiply the first of ((58) by jq, the second by r% 
etc., and acid the products, The result is 

[rr] *=* [dir] xi + [&r] x* + [cr] x 3 — [«r]. 


But from equations (iii), article fifty, 


consequontly 


[ur] = [6r) = [cr] » 0, 


[?r] = - [sr). 


(70) 


Multiply each of equations (08) by its s; add, talcing account of 
(70), and wo obtain 

[rr] = [jw] - [us] x i - [/;*] :t 2 - [cs] :c 3 . 

Eliminating iq, X 2 , and x 3) in succession with the aid of (04), ( 66 ), 
and (07) we find 

M - [Sfi] - j“^M - (&*• J]^‘S - [cs- I]*8, 


and finally 


[n .J = [ SS ] - g [„ S ] - M [/,, • 11 - [cs • 2 J *3, 


[n-] = [ss] - j^~ fas] - jj^Tjj |!w • 1) - j^f|j 1“ • 21, 


which is identical with (09). 

55 . Numerical Illustration of Gauss’s Method. — The fore¬ 
going methods arc most frequently used for the adjustment of 
astronomical and geodetic observations, and their application to 
particular problems is fully discussed in practical treatises on 
such observations. Tho physical problems, to which they nro 
applicable, usually involve the determination of ail ompivieul 
relation between mutually varying quantities. Such problems 
will be discussed at some length in Chapter XIII, and tho corre¬ 
sponding observation equations will be developed. 

It would require too much space to carry out tho complete dis¬ 
cussion of such a problem, in this place, with all of the observa¬ 
tions made in any actual investigation. Blit, for the purpose of 
illustration, the most probable values of Xi, Xz, and ^3 will be 



derived, from the following typical observation equations, by 
Gauss's method of solution: 

si = 0.24, 

.'ll] 2xa + 0.4 ts — t.18, 

a. - i 4" 4 4- 1.0 .tj = — l.o3, 

i'i 4“ 0 .t *2 4" o.G .t - 3 = 0.09, 

a;i 4” 8 ,x *3 4” 0.4 . 1^3 ~ 1.20, 

Si+10X2 4-10.0 S3 = 4.27. 

Sineo the coefficient of Si is unity in each of these equations, 
the products aa, ab, ac, as, mid at arc equal to a, b, c, s, and l, 
respectively. Consequently the first five columns of the follow¬ 
ing table show tho coefficients, absolute terms, and check terms 
(< = a 4- b + c) of the observation equations as well as the 
squares and products indicated at the head of the columns. The 
sums [aa], [«&], etc., arc given at the foot of Uio columns and tho 
checks, by equations ( 01 ) and ( 02 ), are given below the tables. 
In the present case, tho. coefficients are expressed by so few signifi¬ 
cant figures that it is not necessary to round the computed products 
and consequently the cheeks come out identities. 


Q<1 

cb 

4 1C 

as 

at 

bb 

be 

1 

0 

0 0 

0.21 

in 

0 

00 

1 

2 

0.4 

-1.18 

KSfl 

4 

0.8 

1 

4 

1.0 

-1.53 

0.0 

10 

0.1 

1 

0 

3.6 

-0.09 

10.0 

80 

21.0 


8 

6.4 

1.20 

15.4 

01 

51 2 

■■ 

10 

10.0 

•1.27 

21.0 

100 

100.0 

0 

30 

22.0 


58.0 

220 

180.0 

M 

loti 

M 


M 

1 bb) 

M 

Chock: [an] + fnt] + [«c] = 68.0. 


6s 

« 

C8 

bt 


si 

■m 


0.00 

0.0 

0.00 

0.21 



-0.472 

0.8 

1.30 

- 4.012 



—2.448 

20.4 

10.50 


-4.14 


-2.484 

03.0 

38.10 

HhR rm 

mmm 

40.96 

7.080 

123.2 

98.50 

Him 

mm 

100.00 

42.700 

210.0 

21O.00 


39.08 

156.04 

44.970 

•130.0 

358.04 

80.000 

lbs) 

fee] 

(cs| 

m 

[cl] 

[st] 


Checks: fat] -f- |55| 4- fkf =s 430.0 

• («c}.+ [bc\ + (cc| = 308.04 

_ M + (M + M = 86.900 
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The normal equations and thoir chocks might now bo written 
out in the form of equations (03), but, since tho coefficients nucl 
other data necessary for their solution are all tabulated above, it 
is scarcely worth while to repeat the same data in the form of 
equations. Tho computation of the auxiliaries [bb • l], [be • 1], 
etc., and the final solution for on, x 2) and .r 3 by logarithms is best 
carried out in tubular form as illustrated on pages 90 and 91. 
The meaning of the various quantities appearing in these tables, mid 
the methods by which they are computed, will be readily under¬ 
stood by comparing tlus numerical process with the literal equa¬ 
tions of tho preceding- article. When the letter n appears aflor a 
logarithm it indicates that the corresponding number is to be taken 
negative in all computations. 

The computation of the residuals by equations (08) and tho 
final chock by (09) is carried out in the following table, where 
Scale, is written for tho value of tho expression ax\ -+• bx a +- c.r 3 , 
when the computed values of X\, %2 , and aro used and s„i, fl . is 
the corresponding- value of s in the observation equations. Thus 

H = diXi + biX2 + CiXs — Si = Si mlo. — Si „»>#.. 


8 

CMC. 

8 cb,. 

r 

X 10« 

83 

0.246 


0.21 

+0.005 

25 


-1.196 


-1.18 

-0015 

225 

■KH 

-1.612 


-1.63 

+0.018 

324 


—0.709 


-0.09 


361 

0-1701 

1.215 


1.20 

+0.015 

226 

1.4400 

4.20-1 


4.27 

-0.006 

30 

18.2329 





.001196 

23.9390 





M 

[ss] 



[66-ll 1 *** 11 



0.8893 

+ 

11.3012 

+ 11.7-162 

23.9387 


Final check by (69) 

IH 

— 

0.0012 


Since tho cheeks aro all satisfactory, wc are justified in assum¬ 
ing that the computations aro correct. Hence the most probable 
values of tho unknowns, derivable from the given observation 
equations, aro 

= 0.245; x 2 = - 1.0003; x 3 = 1.4022, 


























and the corresponding empirical relation becomes 
s - 0.245 a - 1.0003 ft + l.-1022c. 

A small number of observation equations with simple coefficients 
have been chosen, in the above illustration, partly to save space 
and partly in order that the computations may be more readily 
followed. In practice it would seldom be worth while to apply 
the method of least squares to so small a number of observations 
or to adopt Gauss's method of solution with logarithms when the 
normal equations arc so simple. When the number of observa¬ 
tions is large and the coefficients involve more than threo or four 
significant figures, the method given above will be found very 
convenient on account of tho numerous checks aucl the symmetry 
of tho computations. In order to furnish a model for more 
complicated problems, tho process has been carried out completely 
even in the parts where the results might have been foreseen 
without tho use of logarithms. 

56 . Conditioned Quantities. — When the unknown quantities, 
X 2 , etc., arc not independent in the mathematical sense, tho 
foregoing method breaks clown since tiie equations (50) no longer 
express the condition for a minimum of [rr]. In such cases the 
number of unknowns may be reduced by eliminating as many of 
them as there are rigorous mathematical relations to be fulfilled. 
The remaining unknowns are independent and may bo deter¬ 
mined as above. The eliminated quantities are then determined 
with the aid of tho given mathematical conditions. 

For the purpose of illustration, consider tho ease of a single 
rigorous relation between the unknowns, and let the correspond¬ 
ing mathematical condition he represented by the equation 

e(x l ,x 2 , . . . , x q ) = 0. (71) 

As in the ease of unconditioned quantities, the observation equa¬ 
tions (53) arc 

a\X\ -f- b\X2 •+■ Cj.i;3 + • • • -I- p\X q = $ 1 , 

< 23^1 "T ft2^2 + C2^8 “f" • • • “b P2$q — Si, 

a n x 1 4- b n x 2 + c„:c 3 -|- • • • + p n x q = s„. 

The solution of (71) for x h in terms of .t 2 , tfa, . . x q , may bo 
written in the form 



Xi =f(x 2l xs, . . . , x 7 ). 


(72) 



Introducing this value of an, equations (53) become 

arf(X3 t X3, . . • , 3,) 4- to + + • • • + pix q = Si, 

a-if (a*2, a - 3) . • • , 3g) + + c^tn + • • • + y-ix q = S 2 , 

Qn/ (*2, 3 3 , . . • , X q ) + bn&i + C n X 3 + * • • + = «#• 

Since the form of 0 is known, that of / is also known. Hence, by 

collecting the terms in . 1 * 2 , * 3 , etc., and roducing to linear form, 
if necessary, we lmvc 

biXi + c\Xi + - • • + p/3 s ~ Si } 
bl'Xi + Cz'Xi + * * * + ViXq — 82 , 


bn'%2 + C„'X 3 + • • • 4* VnX a = S*'. 


The a’s in these equations are independent, and, consequently, 
they may be determined by tin* methods of the preceding articles. 
Using the values thus obtained in (71) or (72) gives the remaining 
unknown an. The +s, thus determined, obviously satisfy tho 
mathematical condition (71) exactly, and give the least magnitude 
to the quantity [rr\ tlmt is consistent with that condition. They 
are, consequently, the most probable values that can bo assigned 
on tho basis of the given data. 

As a very simple example, consider the adjustment of the 
angles of a plane triangle. Suppose tlmt the observed values of 
the angles are 

si = 60° V; 82 = 59° 58'; s 3 = 59° 59'. 


The adjusted values must satisfy the condition 
an + Xz T x$ — 180°, 


or 


an = 180° - Xi — a*. 


Eliminating an from tho observation equations, 
an = s t ; Xi = 8 2 ; and x$ = ^ 3 ; 
and substituting numerical values we have 
32+3 3 = 110° 59', 

3 2 = 59° 58', 

3 3 = 59° 59'. 

The corresponding normal equations arc 
2 3 2 + x 3 = 179° 67', 

32 + 233 = 179° 58', 



from wnicn wc nna 

s 2 = 59° 58'.7 and s 3 = 59° 50'.7. 

Then, from the equation of condition, 

Si = 00° l'.G. 

When there arc two relations between the unknowns, expressed 
by the equations 

0 \ (si, x'2, • • • » •it/) ~ 0, 

$2 (si, Xi, ... , x t ) = 0, 

they may be solved simultaneously for xi and x 2 , in terms of the 
other x% in the form 

Xi - f\ (:c 3 , * 4 , . . . , 3g), 

x 2 = fi (.r 3 , Xi, , x q ). 

Using these in the observation equations (53) we obtain a new set 
of equations, independent of an and x 2 , that may bo solved as 
above. It will bo readily seen that this process can be extended 
to include any number of equations of condition. 

When the number of conditions is greater than two, tho compu¬ 
tation by the above method becomes too complicated for practical 
application and special methods have been devised for dealing 
with such cases. The development of these methods is beyond 
the scope of the present work, but they may be found in treatises 
on geodesy and practical astronomy in connection with tho prob¬ 
lems to which they apply. 



CHAPTER VIII. 

PROPAGATION OF ERRORS. 

57 . Derived Quantities. — In one class of indirect measure¬ 
ments, the desired numeric A is obtained by computation from 
the numerics X i} X■>, etc., of a number of directly measured mag¬ 
nitudes, with the aid of the known functional relation 

X~F (X h X,, . . . , X q ). 

Wo lmvosecn that the most probable value that wo can assign to 
the numeric of a directly measured quantity is either the arith¬ 
metical mean of a scries of observations of equal weight or the 
general mean of a number of measurements of different weight.. 
Consequently, if Xi, x%, . . . , x g represent the proper means of 
the observations on Ai, A 2 , . . . , X q the most probablo value 
x that wc can assign to A' is given by the relation 
= F(x h xs, . . ■ , x g ) 

where F 1ms the same form as in the preceding equation. 

Obviously, the characteristic errors of x cannot be easily deter¬ 
mined by a direct application of the methods discussed in Chapters 
V and VI, as this would require a sepamto computation of x from 
each of the individual observations on which xi, £ 2 , etc., depend. 
Furthermore, it frequently happens that we do not know tho 
original observations and arc thus obliged to base our computa¬ 
tions on the given mean values, xj, £ 2 , ofcc., together with their 
characteristic errors. 

Hence it becomes desirable to develop a process for computing 
the characteristic errors of x from the corresponding errors of 
£ 1 , xz, etc. For this purpose we will first discuss several simplo 
forms of the function F and from the. results thus obtained wo 
will derive a general process applicable to any form of function. 

58 . Errors of the Function A r i =b X 7 ± X 9 zb . . . zb A„. 

Suppose that the given function is in the form 

X = A, -I- A 3 , or X = Ai - X 2 . 

These two cases can be treated together by writing the function in 
the form 

X - A, i A 2) 

95 



and remembering tliat the sign ± nicucur.o.-» two scpai niu piooiems 
rather than, as usual, an indefinite relation in a single problem. 
If the individual observations on X x are represented by a u a 2l 
. . . , a n , and those on X 2 by hi, b 2 , ... , b n , we have 

(ii 4 a s 4- • • • 4 «*. „ hi + b 2 4 • • • + K 

x --- m - --- > 

n n 

and the most probable value of X is given by the relation 

x = Xi ± x-i. 

From the given observations we can calculate n independent 
values of X as follows: 

Ai = a\^zb u /l 2 = rt 2 iiih2, . .., A n = a n ±b ni 

and it is obvious that the mean of these is equal to .t. Thu truo 
accidental errors of the a ’s arc 

A(li — Oi ■ A i, A«2 = «2 - Ai, ■ • . , Afl n (In X i, 
those of the h’s are 

Ahi = hi — A 2 , Ah 2 = ha As, • • * , Ah„ — h„ A" 2 ,* 
and those of the A’s arc 

AAi ~Ai — X t A/l 2 = A 2 — A, . • - , AA« = A„ X. 

We cannot determine these errors in practice, since wo do not 
know the truo valuo of the X% but wo can assume thorn in literal 
form as above for the purpose of finding the relation between the 
characteristic errors of the x’s. 

Combining the equations of the preceding paragraph with tho 
given functional relation, we have 

AA 1 = (01 =t hi) — (AT 1 db A 3 ) 

= (01 ~ A r i) ± (hi — Xi) 

= Atti dz Ah), 

and similar expressions for tho other AA’s. Consequently 

(AA 1) 2 = (Aui ) 2 db 2 Aa,Ah, + (Ah,) 3 , 

(A A 2 f = (A a 2 f ± 2 AajAha 4 (Ah 2 ) 2 , 

(AA „) 2 - (Aa „) 3 i 2 A« n Ah n 4 (Ah„) 3 . 

Adding theso equations, wc find 

[(AA) 2 ] = [(Aa) 2 ] db 2 [AaAft] 4 [(Ah) 3 ]. 




Since Aa and A b are true accidental errors, they arc distributed 
in conformity with tho three axioms stated in article twenty-four. 
Conseciuently equal positive and negative values of Act and A b 
are equally probable and tho term [AaA 6 ] would vanish if an 
infinite number of observations wore considered. In any case it 
is negligible in comparison with the other terms in tho above 
equation. lienee, on dividing through by n, wo have 

f(Ad)*] __ [(A a)*} [(Aft) a J t 

n n n 


and by equation ( 20 ), article thirty-seven, this becomes 

Ma* = iltt + W, (73) 


where M A is tho mean error of a single A, M a that of a single a, 
and Hlb that of a single b. Since x, Xj, and x 2 arc tho arithmetical 
means of the id's, a’s, and b* s, respectively, their respective mean 
errors, M, M 1 , and are given by the relations 


M 2 



M i 2 = 



ami il /2 


Ml 

n 


in virtue of equations (29), article forty. Consequently, by (73) 

or ‘ M (74) 

Since the mean and probable errors, corresponding to tho sumo 
scries of observations, arc; connected by the constant relation ( 20 ), 
article thirty-nine, we have also 

E=Vh V + ^2 2 , (75) 

whore E, Ely and E 2 arc the probable errors of x, x tl and . 1 * 2 , 
respectively. 

It should bo noticed that the ambiguous sign docs not appear 
in the expressions for the characteristics orrors. Tho square of 
the error of the computed quantity is equal to the sum of the 
squares of the corresponding errors of the directly measured quan¬ 
tities, whether the sign in the functional relation is positive or 
negative. Thus the error of tho sum of two quantities is equal 
to the corresponding error of the difference of tho same two quan¬ 
tifies. 

Now suppose that the given functional relation is In tho form 
X = X I ±A r a ±r 3 . 



ine must prouauiu vaiuu ui fiuu. 

X = Xi zt %2 ± Xi, 


U1VU 


where tho notation has the same meaning as in the preceding 
case. Represent aq ± x% by x P) then 

x = x P =h .1*3, 

and, by an obvious extension of tho notation used above, wo havo 
M P 2 = Mi 2 + W, 

M* = iMJ + iUS 

= il/, 2 + Ah 2 + M z \ 

Passing to the more general rolation 

X = A'i ± Xz zb X 3 ± • • ■ ± A„ 

wo have x ~ aq zb Xt =b £3 zb • • • zt x QI 

and, by repeated application of tho above process, 

M* = M x 2 + M 2 2 + W + ■ • ■ + l 

E'-^Ex* +E2 2 +iiV + • ■ ■ + /?,*. > 

Tims the square of tho error of the algebraic sum of a series of 
terms is equal to the sum of the squares of tho corresponding 
errors of the separate terms whatever tho signs of tho given terms 
may bo. 

59 . Errors of the Functional zb 02 X 2 zb a 3 X 3 it • • • =ba 9 X,. 
Let the given functional relation bo in tho form 

X = mXu 

where a\ is any positive or negative, integral or fractional, con¬ 
stant. The most probable value that wo can assign to X on the 
basis of n equally good independent measurements of X is 

a: = a\X\, 

where xi is the arithmetical moan of the n direct observations 

dj, a?, fl 3 , . . . , ftn. 

The n independent values of X obtainable from tho given obser¬ 
vations aro 

A \ =* ccifXx, A 2 = ana 2 , . . . , A n = ot\a n - 
The accidental errors of the a’s and /Ps are 

Aai = a, - Xx, Aa 2 = a 2 - X h . . . , Aa n = a n - Xj, 

and 

AA 1 = Ai — X, AA*«A 8 -X, . . . , Ad„=/l„-X. 


Combining these equations we miu 

A/11 = onai — otiA'i 

= aiAai, 

and similar expressions for the other AA’s. Consequently 
(A/1 i ) 2 = «, 2 (A«i) 2 ( 
ami [(AA) 2 ] = a , 2 [(Aa) 2 ]. 

If M and Mi are the mean orrors of x and x lf respectively, 


M 3 = and Mi 2 = 


f(Ao)‘ 


n* ' n L 

Hence M 3 = ocihWi 2 , (77) 

and, since the probable error bears a constant relation to the 
mean error, 

E 2 = ai 2 £-V. (78) 

When the given functional relation is in the more general form 
X = ai<Y\ ± asYA zb orsYj ± • • • zb o: q X qi 

we have 

X = aiXi ± a 2 X 2 zb a^'a ± • • • zb a q x q> 

where the x’s arc the most probablo values that can bo assigned 
to the Y’s on the basis of the given measurements. Applying 
( 77 ) and (78) to each term of this cqilation separately and thou 
applying (70) wo have 

M 2 = ai s il/i 2 4~ a^M-^ + 4" ' • * 4" oc q 2 M q 2 , 

E 2 = ai 2 Ei 2 a 2 2 E 2 2 + a^E^- + • ■ ■ -\-oc q 2 E q 2 , 

wliere the M’s and E’s represent respectively the mean and prob¬ 
able errors of the x’s with coiTcs])onding subscripts. 

6 o. Errors of the Function / ,T (A r i, Y 2 , . . . , -Y,). 

Wo aro now in a position to consider the general functional 
relation 

X = F( Yi, Y 2 , . . . , X q ), 

where F represents any function of the independently measured 
quantities Yi, X 2 , etc. Introducing the most probablo values of 
the observed numerics, the most probable value of the computed 
numeric is given by the relation 

x = F (xu x 2 , ... , x„). (80) 

This expression may be written in the form 

x = F\ (l\ + 5 1 ), (fa 4" 52. • • • i (f? 4“ 5,) j, 


(70) 


(0 



l h respectively, \ve have by equation (74) 

W = Mi 1 + 


But Mi is equal to zero, because l is an arbitrary quantity and any 
valuo assigned to it may be considered exact. Consequently 

lit s 2 = M?. (it) 


Since tho V s are arbitrary, they may be so chosen that tho 
squares and higher powers of tho 6’s will bo negligible in compari¬ 
son with the 6’s themselves. Ilencc, if tho x’h are independent, 
(i) may bo ex])anded by Taylor’s Theorem in tho form 


z = F {U, h, • 


whero 


0F_ 

dXi 


i ^°£ s '+t h+ 


5 fhl ' 


v dx 
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and the other differential coefficients havo a similar significance. 
When the observed values of the x’a aro substituted in these 
coefficients, they become known numerical constants. 

The moan error of F (h, h, , U) is equal to zero, since it 
is a function of arbitrary constants; and tho mean errors of tho 
6 ’s are equal to tho mean errors of tho corresponding ads by (ii). 
Consequently, if M f Mi, Mi, . . . , M q ropresent tho moan errors 
of x, Xu Zz, ... , x q , respectively, we have by equation (70) 



whore the E's represent tho probable errors of the ads with corre¬ 
sponding subscripts. 

Equations (81) aro general expressions for tho mean and prob¬ 
able errors of derived quantities in terms of tho corresponding 
errors of the independent components. Generally an, z%, etc., 



represent either the arithmetical or the general means of sories of 
direct observations on the corresponding components, and E\, Et, 
etc., can be computed by equations (32) or (41). In some cases, 
the original observations are not available but the moan values 
together with their probable errors are given. 

For the purpose of computing the numerical value of the differ- 
OF OF 

ential coefficients t— > v -» etc., the given or obsorved values of 

O.Xi I/.C2 

the components an, x 2 , etc., may generally be rounded to three 
significant figures. This greatly reduces the labor of computa¬ 
tion and does not reduce the precision of the result, sinco the E’s 
and M ’s arc seldom given or desired to more than two significant 
figures. 

61 . Example Introducing the Fractional Error. — The prac¬ 
tical application of the foregoing process is illustrated in the follow¬ 
ing simple example: tho volume V of a right circular cylinder is 
computed from measurements of the dinmclor D and tho length L t 
and wo wisli to determine the probable error of the result. In 
this case, V corresponds to x, D to x\, L to x 2l and the functional 
relation (80) becomes 

V =U D-L. 


Also, if Ey, E&, nm\ El are the probable errors of V, l), anti L , 
respectively, tho second of equations (81) becomes 


where 


and 


Hence 



Tho computation can bo simplified by introducing tho frac- 
E * 

tional error -y-* Thus, dividing tho above equation by 

l /a = 

wc havo 



and finally 


JV = 4 /V + 7V, 

P„=v.uv-h W; 


E v = VP v = W4 7V + 7V. 

A similar simplification can bo effected, in dealing with many 
other practical problems, by the introduction of the fractional 
errors. Consequently it is generally worth whilo to try this ex¬ 
pedient before attempting the direct reduction of Iho general 
equation (81). 

In order to render the problem specific, suppose that 
D = 15.67 ± 0.13 nun., 

L = 50.25 ii= 0.G5 min., 
then V = 108-18 mm”, 3 

aud Pd - ^ « -0088; P D *= 60 X 10-°, 

Ph ~ T ■° 110; ^ Sss!l 35X10'« 

P v = V(4 X 09 + 135) X 10-° = 0.020, 

E v =VPy = 220 mm. 3 

Hence 

7= 10.85 =fc 0.22 enT. 8 


62. Fractional Error of the Function aXi ±n% X X^'^X • • • 

XAV**.- 

Supposc the given relation is in the form 
X = F(X{) = *X i* tt f 


where a and n arc constants and tho zb sign of the oxpouonl n is 
used for the purpose of including the two functions aXi + " and 
or Ah"" in the same discussion. In this ease oqualion (80) becomes 

X = aX i ±n , 

and the second of (81) reduces to 


But 




<UL 

dx\ 


d_ 

Ox, 


(a^i ±n ) — zfc aa:ti ±n “ 1 1 


Consequently 


E 2 = ii i a 2 x l ± 2 n - i E 1 z , 



If P and P i arc the fractional errors of x and xi, respectively, wo 
have 

Tt )2 ±2 »— 2 

J )2 — „ = " U • t ' 1 ^' 2 


X 


..2 


2 ->..d:2» 


crx. 


Hence 


EP 

Xi 2 


1 . 


P = mPj. 


(82) 


If wo replace a by — in the above argument, (80) becomes 


x = axi 


l 

± 77, 


and wo find 



Honce tho fractional error of any integral or fractional power of 
a measured numeric is equal to the fractional error of the given 
numeric multiplied by the exponent of the power. 

If the given function is in the form of a continuous product 
X = aX i X Xi X • • • X X q , 


(80) becomes 

Hence 

and 

Hence, by (81), 


x - «.Di X Xa X • 
OF 

= ax* X x 3 X • 
Ox i 

1 OF 1 


X Xq. 
X Xq, 


x tlx i 


X, 


X 2 Xl 2 Xa 2 Xq 2 ’ 


and, if P, P i, Pa, . . . , P q represent the fractional errors of llio 
x’s with corresponding subscripts, 

P 2 = P x » + P a “ + • • • + P 5 2 . (83) 

Combining the above cases wo obtain tho moro general rela¬ 
tion 

X = aXx**' X Xa*” 1 X • ■ • X Xq***, 
and tho eorres])onding expression for (80) is 

x = axx ±Hl X.X2 ±,,J X • • • X^"' 

Applying (82) to each factor separately and then applying (83) to 
the product, we find 

P 2 = rti 2 P, 2 + U 2 2 Pi 2 + w 3 9 P 3 a + • * • + n„ 9 P, 9 . (84) 



be compared with the example of the preceding article. If wo 
put x = V, x t = D, Hi =2, X2 = L, n 2 =\, «=^, P = P Vt 
Pi — Pd, and Pz = Pi tho above expression for x becomes 

V = { ttD 2 L, 

and (84) bocoinos 

JV«4iV + fV. 

Occasionally it is convenient to express the probable error in 
tho form of a percentage of tho measured magnitude. If E arid 
p are respectively the probublo and percentage errors of x, 

P = ioo| = 100P. (85) 

Consequently (84) may be written in tho form 

p 2 = + HaW + 1 • ■ + »g a p<i a , (84a) 

where pi, ps, . . . , p u arc tho percentage errors of X\,xz, . . . , x q , 
rcs])cctivcly 


CHAPTER IX. 

ERRORS OF ADJUSTED MEASUREMENTS. 


When the most probable values of a number of numerics 
A'i, Xi, etc., are determined by the method of least squares, the 
results an, .t 2 ,etc., arc called adjusted measurements of the quan¬ 
tities represented by the X’s. In Chapter VII we have seen how 
the .r’s come out by the solution of the normal equations (50) or 
(58), and how these equations arc derived from the given obser¬ 
vations through the equations (53). In the present chapter we 
will determine the characteristic errors of the computed s’s in 
terms of the corresponding errors of lire direct measurements on 
which they depend. 

63 . Weights of Adjusted Measurements. — When there arc <j 
unknowns and the given observations arc all of the same weight, 
the normal equations, derived in article fifty, am 

[««! a 1 + [ab] x 9 + [«c| x 3 + • ■ • + [up] .i\, = [as], 

\ab] xi + [bb] x 3 + f^cl x 3 + ■ ■ • + !M x 9 = [As*], ^ 

+ \hv\xi + \cp\x 3 + • • ■ + [pp]x v = [/?s]. 

Since these equations are independent, the resulting values of tho 

e’s will be the same whatever method of solution is adopted. In 
Chapter VII Gauss’s method of substitution was used on account 
of the numerous chucks it provides. For our present purpose 
the method of indeterminate multipliers is moro convenient as it 
gives us a direct expression for the .-c’s in terms of the measured 
s's. Obviously this change of method cannot affect the errors of 
tho computed quantities. 

Multiply each of equations (5(5) in order by one of the arbitrary 
quantities A1, A s , . . . , A 4 and add the products. Tho result¬ 
ing equation is 

(foal Ai + [a 5 ] Ai + • • ■ + [ap] A q ) ^ 

-t- ( [ab ] A j + ( bb] A 2 4 - • • • -]- [bp] A q ) x 2 

.. 

+ ([ap] Ai -f [M A-i + * • • +{pp]A. q )x 9 

— [as] A1 + fhs] A 2 + • • * + [ps] A q . 

105 


( 86 ) 
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satisfy any q relations wo choose without affecting tho validity 
of equation ( 86 ). Hence, if we determine the A’s in terms of tho 
coefficients in (50) by the relations 

|fl«] At + [ab] At + • • * + [dp] Aq = 1, 

[at] A i + | bb\ A 2 + • ■ • 4- [bp] A q = 0, 

[o.p]A I +M^ 2 + * • ' J r\vv)A q = 0 ! 
equation ( 86 ) gives an expression for Xi in tlio form 

.ri — [os] A i + [is] A 2 + * * • + |p$] A q . ( 88 ) 

If we repeat this process q times, using a different set of multipliers 
each time, wo obtain q different equations in tho form of ( 86 ). 
In each of these equations we may place the coefficient of ono of 
the .Vs equal to unity and the other coefficients equal to zero, giv¬ 
ing 7 sets of equations in tho form of (87) for determining tho q sets 
of multipliers. Representing tlio successive sets of multipliers by 
A% E's, C's, etc., wo obtain ( 88 ), and the following expressions 
for the other Vs: 

as = [as] £i -f [bs] #2 + • • • + |p»l Me, 

x» =* [as] Ci -J- [bs] C 2 -f • • • + [jw] C n , ^ ggft ) 

Xq « [as] Pi -f [bs] P-i -f • • * 4- [ps] P 7 . 


From equations (87), it is obvious that the A’s do not involve 
the observations s Jt s 2| etc. Consequently (88) may bo expanded 
in terms of the observations as follows: 


#1 = OTtSl + Q-2S2 + • ' • + CtqSq, (89) 

wlioro tho <Vs depend only on the coefficients in tho observation 
equations (53) and arc independent of the s's. Sinco wc nro con¬ 
sidering tho coso of observations of equal weight, each of the s’s 
in (89) is subject to the samo mean error M e . Hence, if M\ is 
tlio mean error of x\, we have by equations (79), article fifty-nine, 
MP = amp + aPMp -f • • • + a n mp 
= M HP. 

But, if v>\ is the weight of £i in comparison with that of a singlo s, 
we have by (36), article forty-four, 


( 90 ) 



since the mtio of the mean errors of two quantities is equal to tho 
ratio of their probable errors. 

Comparing equations (88) and (89), with the aid of equations 
(35), artielo fifty, we see that 

oci = aj/11 -f- h\Ai + • ' • “f" PiA qi 

ct2 — (iiA\ d~ bzAi 4- • • • -J-(j) 

0! n = d n A\ + b n Az + * * * + PnAq. 


Multiply each of these equations by its a and add tho products, 
then multiply each by its b and add, and so on until all of the 
coefficients have been used as multipliers. Wo thus obtain the 
q sums [a«l, (6aJ, . . . , [pa], and by taking account of equations 
(87) we have 


M = l, 

[ba 1 = [ca] = • • ■ = [pa-] = 0. 


(ii) 


Hence, if wc multiply each of equations (i) by its a and add the 
products, we have 

(««] = A i. 


Consequently equation (90) becomes 


?y, = 


M, 2 

Mi 2 


1 

At 


( 01 ) 


The weights of the other .ids may bo obtained, by an exactly 
similar process, from equations (88a). The results of such an 
analysis are as follows: 


Wi 


Ws 


Ml 

Mi 

Ml 

Mi 


1 

Hi 

1 

6 V 


(9 la) 


A/, 5 * 1 

W * M q * I\ j 

Obviously tho coefficients o-f the sums [as], [6s], etc., in equa¬ 
tions (88) and (88a) do not depend upon tho particular method by 
which the normal equations arc solved, since tho resulting values 
of the ads must be tho same whatever method is used. Conse¬ 
quently, if the absolute terms [as], [Zw], . . [;;s] are Icopt in litoral 

form during the solution of the normal equations by any method 
whatever, the results may be written in the form of equations 



twiu \uwcv i *; -'.- »v«t< 

if tho coefficients {cm], [« 6 ], . . . , [ 66 ], . . . , [?)p] are expressed 
numerically. 

Hence, in virtue of (91) and (9la), we have the following rule 
for computing the weights of the .Vs. 

Retain the absolute terms of tho normal equations in literal 
form, solve by any convenient method, and write out the solution 
in the form 

Xv — [cu?l A\ 4* [ 6 -x] A% 4- [cs] /I 3 “|* ■ • ■ 4* [ 7 ^'!-<4 <j> 

X 2 = [as] 7?i -|- [bs\ B 2 4* |cs] B 3 4- • ‘ ■ 4- [?J«] B q> 

x q = [as] P, 4- [to] P* + M Pi -I- • • ■ + \ps\ P 9 . 

Then the weight of .ri is the reciprocal of tho coefficient of [as] in 

the equation for Xi, the weight of a *2 is tho reciprocal of the co¬ 
efficient of \bs] in the equation for x 2y nml in general the weight of 
x, is the reciprocal of the coefficient of [ps[ iu the equation for x q . 

As an aid to tho memory, it may bo noticed that the coefficients 
A lt B<t, Ca, ... , P q , that determine the weights, all lie in tho 
main diagonal of the second members of the above equations. 
When tho number of unknowns is greater than two, the labor of 
computing all of the A’s, B' s, etc., would bo excessive, ami conse¬ 
quently it is bettor to determino the Vs by the methods of Chap¬ 
ter VII. The essential coefficients 4 t , B 2 , C\ . . . , 1\ can bo 
determined independently of the others by the method of deter¬ 
minants as will be explained later. 

If the given observations are not of equal weight, tho weights 
of the Vs may be determined by a process similar to the. above, 
starting with normal equations in tho form of (.58), article fifty. 
The result of sucli an analysis can bo expressed by the; rulo stated 
above if wo replace the sums [as], [ 6 s], . . . , [ps] by tho weighted 
sums [was], |u> 6 s], . . . , [wps], the notation being the same as in 
article fifty. 

64 * Probable Error of a Single Observation. — By definition, 
article thirty-seven, tlio mean error ilf, of a single observation is 
given by tho expression 

Uf - ■ ■ ■ + A.» _ 144], (iii) 

where tho A’s represent the true accidental errors of the s’s. 
When the number of observations is very groat, the residuals givon 



by equations (54) may bo used iu place of the A’s without causing 
appreciable error in the computed value of i\I a . But, in most 
practical cases, n is so small that this simplification is not admis¬ 
sible and it becomes necessary to take account of the difference 
between the residuals and the accidental errors. 

Let ui, Ut, represent the true errors of tho x’x ob¬ 

tained by solution of the normal equations (56). Then tho truo 
accidental error of tho first observation is given by the relation 
(au 4~ Wt) 4" bi (&2 4* "Us) 4~ • ■ • + Pi (®$ 4" i*«) “ *>’i = Ai. 
But, by the first of equations (54), 

rtizi -fta +C1X3 + • • • -fpi£« - s, = ri, 
where ri is the residual corresponding to the first observation. 
Combiniug these equations and applying them in succession to 
the several observations, wo obtain tho following expressions for 
the A’s in terms of the r’s: 

ri 4* <71*141 4- biu% 4* C 1 U 3 4* • • • 4* Pi^q = Ai, 

Ti 4 * aiU\ 4* biUi 4* C 2 U 3 4* • • • 4* p2U>q ~ A 2 , 

r n 4- a n ui 4- h n Ui + c„u 3 4- • • • 4- Pn,u q = A„. 

Multiply each of these equations by its r and add; the result is 

M 4- [ar] 14 1 4- t^r] ?£* 4* [cr] «s 4* * • * 4~ [p* 1 ] w« = [Ar]. 

But by equations (iii), articlo fifty, 

[ar] = [6r] = [cr] = • • • = [pr] = 0, (v) 

and, consequently, 

M = [Ar]. (vi) 

Multiply each of equations (iv) by its A and add. Then, taking 
account of (vi), we have 

[rr] 4- [aA]«i 4- [ftA]wi4- • • ■ 4* [pA] u q = [AA]. (vii) 

In order to obtain an expression for tho it’s in terms of the A’s, 
multiply each of equations (iv) by its a and add, then multiply 
by the 5’s in order and add, and so on witli the other coefficients. 
Tho first term in each of these sums vanishes in virtue of (v), and 
we have 

[an] ui 4* [ah] Ms 4- • • • + [op] u q =» [aA], 

M ui 4- [bb] Ms 4- • ■ • 4- [bp] Uq = [bA], 

[ap] 141 4- [bp] 142 + • • • + [pp]u q « [pA]. 
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with the :c‘s replaced by u’a and the. s’s by A’s. Hcucc any solu¬ 
tion of (50) for the a’s may bo transposed into a solution of (viii) 
for the m’s by replacing the s ’s by A’s without changing the coeffi¬ 
cients of the a’s. Consequently, by (89), wo have 
tti = atAi + U2&2 *f • • • 4* a n A„, 

and similar expressions for the other u’ s. 

The coefficients of the a’s in (vii) expand in the form 

|aA] — OiA i 4* CI 2 A 2 -p • ‘ • 4* o«A„. 

Hence 

[oA] u\ = ai«iAi 2 4- (iioc 2 ^ 4- ■ • • 4* a, ( cv n A„ 2 , 

+ (rti«a + f22«i)AiA 2 4- • ■ • 4 - (tttor„ 4 - n„«0 AiA„ 4 * ■ • • 

Since positive and negative A’s aro equally likely to occur, the 
suin of the terms involving products of A’s with different subscripts 
will be negligible in comparison with the other terms. The sum 
of the remaining terms cannot be exactly ovaluatecl, but a sufli- 
ciently closo approximation is obtained by placing each of Lho A 2 ’s 

equal to the mean square of all of them, Consequently, as 

It 

tho best approximation that wo can make, wo may put 


But, by equations (ii), [a<*] is equal to unity. 

_[AA] 
n 


[flA] Mi 


Ilenco 


Since there is nothing in the foregoing argument that depends on 
the particular u chosen, the same result would havo been obtained 
with any other u. Consequently, in oquation (vii), each term that 

involves one of the m’s must bo equal to and, sinco there 

n 

aro q such terms, the equation becomes 

M+(?^ = [aa]. 

Hence, by equation (hi), 

nM, 2 = frr] 4- qM,?, 

and 


where tho r’s represent tho residuals, computed by equations (54); 
11 is the number of observations ; and q is the number of unknowns 
involved in the observation equations (53). In tho ease of direct 
measurements, the number of unknowns is one, and (92) reduces 
to the form already found in article forty-one, equation (30), for 
the mean error of a single observation. 

When the observations are not of equal weight, tho mean error 
M, of a standard observation, i.e. an observation of weight 
unity, is given by the expression 

2 _ + + • • • + W n A, t 2 _ jwAAJ^ 


where the w’s arc the weights of the individual observations. 
Starting with this relation in place of (iii) and making correspond¬ 
ing changes in other equations, an analysis essentially like tho 
preceding leads to the result 

(93) 

V n — q 

which reduces to the same form as (92) when the weights aro all 
unity. 

Introducing tho constant relation between the moan and probablo 
errors, we have tho expressions 

E,= 0.07‘h/JEL, (94) 

v n — q 

for the probablo error of a single observation in the case of equal 
weights, and 

E, = 0 . 0744 / 5 ^ 1 , (05) 

V n — q 


for the probable error of a standard obsorvation in tho e»iso of 
different weights. 

Finally, if Mk, Kk, and Wh represent the moan error, the probablo 
error, and the weight of Xk, any ono of the unknown quantities, 
we may derive the following relations from tho abovo equations 
by applying equations (3G), article forty-four: 



1 . 

/ M 

Vwk 

i § 
> 

11 

/ n — q 


0.074. 

[ M 


vs' 

^ n — q ’ 


( 90 ) 



( 97 ) 


Vw k 

*.-4= 


W k 



when the weights of the given observations are not equal. 

65 . Application to Problems Involving Two Unknowns. — When 
the observation equations involve only two unknown quantities, 
tire solution of the normal equations is given by (59), arlielo 
fifty-one, in the form 

_ [M] [as) — [«ft] [ bs} 

Xt ~ MiMj-w 1 

_ M.-M fa_ A j 

X2 ~ [aa][6iJ-[o61 r ' 

By the rule of article sixty-three, the weight of sq is equal to the 
reciprocal of the coefficient of [us] in the equation for .Ti, and the 
weight of Xi is equal to the reciprocal of the coefficient of (£.s] in 
the equation for x*. Hence, by inspection of the abovo equations, 
we have 


Wh = 


w 2 =-i 


(98) 


lm}\l>b}-W 

IW ' ' 

i««i 

Since there aro only two unknown quantities, and tho observa¬ 
tions are of equal weight, equation (92) gives tho mean error of a 
single observation when q is taken equal to two. Ilenco 


m. - (oo) 

where n is tho number of observation equations and |rr] is the 
sum of the squares of tho residuals that aro obtained when tho 
computed values of Xt and aro substituted in equations (53a), 
article fifty-one. 

Combining equations (98) and (99) with (90), wc obtain tho 
following expressions for the probable errors of x, and x 2 : 


E x = 0.674 


E 2 = 0.074 


'j 

v/ 


m 

m m - 
_M_ 

\aa] |to] - |a6]* 


i rr) 
n — 2 


( 100 ) 


For the purpose of illustration, we will compute the probable 
erro 2 \s of the values of x t and x% obtained in the numerical prob¬ 
lem worked out in article fifty-one. Referring to the numerical 
tables in that article, we find 

[u<z] = 5; [ah] = 20; [bb] = 90; n = 5; 

[rr] = 9.G0X 10'h 


Hence, by equations (100), 


*■ = °- 874 \/ sx of-Tuo • = ± 0.016, 

* = °- 674 \&^on'-|4o- - ± 0. 


0038. 


By equations (vi), article fifty-one, the length L 0 of the bar at 
0°C., and the coefficient of linear expansion a arc given by the 
relations 


U — 1000 -b a 


_L 

10 ho 


Since La is equal to xi plus a constant, its probablo error is equal 
to that of X\ by the argument underlying equation (ii), articlo 
sixty. Hence 

A’l. - = ± 0 .010. 

To find the probable error of or, we have by equations (81), article 
sixty, 



But, since L 0 is very large in comparison with x Zl tho second term 
on the. right-hancl side is negligible in comparison with tho first. 
Consequently, without affecting the second significant figure of 
the result, wc may put 


= E*X 10 - 4 =± 0.038 X 10- 6 . 


Hence the final results of tho computations in article fifty-one may 
be more comprehensively expressed in the form 

La = 1000.008 ± 0.016 millimotcrs, 
a = (1.780 ±0.038) X lO- 6 , 



vuwons on 


which they depend. 

66 . Application to Problems Involving Three Unknowns.— 1 Tim 
normal equations, for the determination of three unknowns tal™ 
the form 1 

[aa] Xi + [ah] x 2 + [ac] ~ [as], 

[ab] ®! + [66] + [be] o! 3 = [6s], 

[ac] .Vj + [6c] 0! 2 *f [cc] = [cs]. 


Solving by the method of determinants and putting 


we have 


[аа] [a6] [ac] 

[аб] [66] [6c] 

[ac] [6c] [cc] 




= [as] 
0 J 2 = [as] 
o^3 = [as] 


[66] [6c] 
[6c] [cc] 


D 

[ac] [cc] 
[ab] [6c] 


D 

[a6] [66] 



[6c] 

[cc] 


[ab] 

[ac] 

+ [6sl 

[ab] 

[ac] 

+ M 

[66] 

[be] 

| |yOJ 

D 


D 7 


[aa] 

[ac] 


[ab] 

[6c] 1 

+ N 

[ac] 

D 

[cc] 

+ N 

[aa] 

D 

[ac]\ r 


[ac] 

[6c] 


[aa] 

[ab] 1 

+ M- 

[aa] 

D 

[«*]. 

+ N 

[ab] 

D 

[66] | 


Wi = 

U>2 = 


(ix) 


D 

Hence, by the rule of article sixty-three, 

D 

[66] [cc] - [bef’ 

D 

[aajlcbp- [ac] 2 ' 

[aa][66]-[a6] 2 

The determinant D can be eliminated from equations (x) if 

The “oiutbToTtf dePGndel ; t eXPr ° S3i0n fM “ ny one of th0 

article ^ in 


(x) 


The auxiliary [cc • 2 ] is independent of the absolute terms (as], 
[ 6 s], and [cs]. The auxiliary [cs • 2] may bo expanded as follows: 

[cs.2) = [cs. 1] - jj-jryj [ 6s • 1] 

Hence the coefficient of [cs] in tho above expression for £3 is 

flfid, consequently, the weight of .£3 is equal to [cc* 2 ]. 

Substituting this value for in tho third of equations (x) and 
eliminating D from the other two wo have 


\aa) J 66 • 1 ] , 

Wl “ [ 66 ] (cc] — [hep CC * ^ ’ 
[66 * 1 ] r 01 
Wz " [cc"nj cc * 
w 3 = [cc • 2 ], 


( 101 ) 


whore tho auxiliary quantities (66 • 1], [cc • L], and [cc • 2] have tho 
same significance as in article fifty-four. 

The weights of the s’s having been determined by equations 
(101), their probablo errors limy be computed by equations (06). 
In the present ease q is taken equal to threo, since there arc three 
unknowns, and the r\s are given by equations (08). 

In tho numerical illustration of Gauss’s Method, worked out in 
article fifty-five, we found tho following values of the quantities 
appearing in equations (00) and (101): 

[aa] = 0; [66] = 220; [6c] = 180; [cc] = 157; 

[66-1] = 70; [cc* 1] = 76.0; [cc*2] = 5.97; 

[rrj = 0.00120; 11 = 0; 7 = 3 . 


These values have been rounded to three significant figures, when 
necessary, since the probable errors of the x’b are desired to only 
two significant figures. Substituting in equations (101) we lmvo 


Wx = 


0X70 


220 X 157 - 180 
Wi = Wo 5,97 = 5,5 °' 


—2 5.97 = 1 . 17 , 


U >3 = 5 . 97 . 



and, by equations (9G), 

Ei 

E 2 

e 3 

Consequently the precision of tho measurements, so far as it 
depends on accidental errors, may Im expressed by writing tho 
computed values of the x’a in the form 

xx = 0.245 ± 0.012, 

= - 1.0003 ± 0.0057, 

£ 3 = 1.4022 ± 0.0055. 

Since the last significant figure in oacli of tho afs occupies the same 
place as the second significant figure in tho corresponding prob¬ 
able error, it is evident that tho proper number of figures wore 
retained throughout the computations in nrticlo fifty-five. 



CIIAPTKR X. 

DISCUSSION OF COMPLETED OBSERVATIONS. 


67 . Removal of Constant Errors. — The discussion of acci¬ 
dental errors and the determination of their effect on the* result 
computed from a given series of observations, as canned out in the 
preceding chapters, arc based on. the assumption that tlu* meas¬ 
urements arc* entirely free from constant errors and mistakes. 
Hence the first matter of importance, in undertaking the reduction 
of observations, is the determination and removal of all constant 
errors and mistakes. Also, in criticising published or reported 
results, judgment is based very largely on the skill and cure with 
which such orrors have been treated. In the former case, if suit¬ 
able methods and apparatus have been chosen and the adjust¬ 
ments of instruments have been properly made, sufficient data is 
usually at hand for determining the necessary corrections within 
the accidental errors. In the latter wise wo must roly on the dis¬ 
cussion of methods, apparatus, and adjustments given by the; 
author and very little weight should bo given to the reported 
measurements if this discussion is not clear and adequate. 

No evidence can he obtained from the observations themselves 
regarding the presence or absence of strictly constant orrors. 
The majority of them aro due to inexact graduation of scales, 
imperfect adjustment of instruments, personal peculiarities of the 
observer, and faulty methods of manipulation. They affect all 
of the observations by the same relativo amount. Their detec¬ 
tion and correction or elimination depend entirely on tho judg¬ 
ment, experience, and caro of the observer and the computer. 
When the samo magnitude has been measured by a number of 
different observers, using different methods and apparatus, tho 
probability that tho constant errors have been tho same in all of 
tho measurements is very small. Consequently if the corrected 
results agree, within the accidental errors of observation, it is 
highly probable that they are free from constant errors. Tin's is 
the only criterion we have for tho absence of such orrors and it 
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breaks down in somo eases when the measured magnitude is not 
strictly constant. 

Sometimes constant errors nro not strictly constant but vary 
progressively from observation to observation owing to gradual 
changes in surrounding conditions or in the adjustment of instru¬ 
ments. The slow expansion of metallic scales due to the heat 
radiated from the body of tho observer is an illustration of a 
progressive change. Such variations arc usually called systematic 
errors. They may bo corrected or eliminated by the .same methods 
that apply to strictly constant errors when adequate mentis are 
provided for detecting them and determining the magnitude of 
the effects produced. When their range in magnitude is compara¬ 
ble with that of the accidental errors, their presence can usually bo 
determined by ft critical study of the given observations and their 
residuals. But, if they have not been foreseen and provided for 
in making the observations, their correction is generally difficult 
if not impossible. In many cases our only recourse is a new series 
of observations taken under more favorable conditions and accom¬ 
panied by adequate moans of ovaluating tho systematic errors. 

A general discussion of tho naturo of constant ori-ors and of the 
methods by which they arc eliminated from single direct observa¬ 
tions was given in Chapter III. Theso processes will now be con¬ 
sidered a little more in detail and extended to the arithmetical 
mean of a number of direct observations. Lot a t , a 3 , 
represent a series of direct observations after each one of thorn 
has been corrected for all constant errors. Then the most prob¬ 
able valuo that can be assigned to the numeric of tho measured 
magnitude is tho arithmetical mean 

* =’ +n ". m 


Now suppose that the actual uneorrectcd observations nro 0 \, o 2 , 
oa, • • • , o„, then 


ai = oj + c,' + ci" + c/" + • • • + = oi + [c,l, 

ci% = o 2 + c% + c 2 " + c-/" 4 - ■ • ■ 4~ = o 2 -|- [fid, 


(ii) 


On — O n + C n ' 4- c„" 4~ c«"' 4~ - * * 4- c n c ^ = 0 ,,+ [c„], J 
where tho c’s ropresent the constant errors to bo eliminated and 
may be cither positive or negative. There are as many c’s in 
each equation as thero arc sources of constant error to bo consul- 



cred. Usually, when all of the observations arc in ado by the 
same method and with equal care, the number of c’s is tho same 
in all of the equations. Substituting (ii) in (i) 

_ Ol + 02 + ' " ' + On . [CiI + [C 2 ] + ‘ ‘ + [Cn] /jjj\ 

x n n 

When there are no systematic errors 

Cl = Ci = Cz = • • • = Cn - d, 

Cl" c 2 " = C 3 " = ■ • • = Cn” = c", 

C,(9) = C 2 (-J) = C 3 M = • • • = CtS q) — 


Consequently 



M 

= [c 2 ] “ [ca] = • * • = [cj = [c], 

(iv) 

and we have 

O, ± 0, + ...+„ 

n 



= Om + d -v c" + d" -b • • • -|- 

(102) 


where o m is written for the mean of tho actual observations. 
Hence, when ail of the observations are affected by the same con¬ 
stant errors, tho corrections may be applied to tho arithmetical 
mean of the actual observations and the resulting value of x will 
be the same as if the observations were separately corrected beforo 
taking the mean. 

The residuals corresponding to the corrected observations at, 
d 2 , «3, • • . , «n are given by equations (3), article twenty-two. 
Replacing x and the a’s by their values in terms of o„, and tho 
o’s as given in (102) and (ii), and taking account of (iv), equations 
(3) become 

Ti = cti - x = Oi + [ci] - o m - [c] - 0 1 - o„„ 

?*2 « «2 - X = 02 *f [Ca] - O nl - [cj = 0 2 - Om, 

7*n fin X — On “f - [On] — 0>n — [o] = On ~ 0„». 

Consequently, when there arc no systematic errors, the residuals 

computed from the o’s and o m will be identical with those com¬ 
puted from the a’s and x. Hence, if tho uncorrcetcd observations 
are used in computing the probable error of x, by the formula 

E = 0.074 \J— } rr] 

V n{n— 1) 




the result will ho the same as it tlio corrected observations had 
been used; and, as pointed out above, the observations and their 
corresponding residuals give no evidence of the presence of strictly 
constant errors. 

When the constant errors ufToeting the different observations 
arc different or when any of them are systematic in character, 
equation (iv) no longer holds, and, consequently, the simplifica¬ 
tion expressed by (102) is no longer possible. In the former case 
the observations should bo individually corrected before t.he mean 
is taken. The same result might be obtained from equation (iii), 
but the computation would not be simplified by its use. In tho 
latter ease tho several observations arc affected by errors due to 
the same causes but varying progressively in magnitude in responso 
to more or less continuous variations in tho conditions under 
which they arc made. 

In equations (ii) the c 's having the same index may he con¬ 
sidered to be due to the same cause, but to vary in magnitude 
from equation to equation as indicated by the subscripts. The 
arithmetical means of tho errors due to the same causes are 

, c \ 4- C2 1 4- ■ ■ ' 'He,/ 

c " --V - ■ ’ 

„ c," +c 2 "+ ■ . ■ d-C,/' 

Cm “ n 

c (D = g i (9) + ^ + ■ • • + 

m n * 

and the mean of the observations is 

oi -h o-i 4- • • • -|- o n 

Q — • 

n 

Substituting (ii) in (i) and taking account of tho above relations 
we have 

x = 0 m + C,„' + Cm" 4 - ■ ■ • ( 104 ) 

Hence, in the coso of systematic errors, tho most probablo valuo 
of the numeric of the measured magnitude may bo obtained from 
tho mean of the uncorrected observations by applying moan cor¬ 
rections for the systematic errors. Whon all of tho errors aro 
strictly constant equation (104) becomes identical with (102) 
because all of the errors having tho same indox are equal. Obvi- 



ously it also bolds when part of the c’s aru strictly constant and the 
remainder aro systematic. 

If we use the value of x given by (104) in place of that given 
by (102) in the residual equations (1011), the c’s will not cancel. 
Hence, if any of the constant errors aro systematic in nature, tho 
residuals computed from the o 's and o, n will bo different from 
those computed from the a’s and x\ and, consequently, they will 
not be distributed in accordance with the law of accidental errors. 

In practice it is generally advisable to correct each of tho ob¬ 
servations separately before taking tho mean rather than to uso 
equation (104), since the true residuals arc required in computing 
the probable error of x, and they cannot be derived from the un- 
correctcd observations. Whenever possible the conditions should 
be so chosen that systematic errors arc avoided and then tho 
necessary computation can be made by equations (102) and (103). 

68 . Criteria of Accidental Errors. — We have seen that the 
residuals computed from observations affected by systematic errors 
do not follow the law of accidental errors. Hence, if it can bo 
shown that the residuals computed from any given scries of obser¬ 
vations are distributed in conformity with the law of errors, it is 
probable that the given observations are free from systematic 
errors or that such errors aro negligible in comparison with the 
accidental errors. Observations that satisfy this condition may 
or may not be free from strictly constant errors, but necessary 
corrections can be made by equation (102) and tho probable error 
of the moan may be computed from the residuals given by 
equation (103). 

Systematic errors should be very carefully guarded against in 
making the observations, and the conditions that produce them 
should be constantly watched and recorded during the progress 
of tho work. After the observations have been completed they 
should he individually corrected for all known systematic errors 
before taking tho mean. The strictly constant orrors may then 
be removed from the mean, hut before this is done it is well to 
compute the residuals and see if they satisfy the law of accidental 
errors. If they do not, search must be made for further causes 
of systematic error in tho conditions surrounding tho measure¬ 
ments ami a new series of observations should bo made, under 
more favorable conditions, whenever sufficient data for this pur¬ 
pose is not available. 



Residuals, when sumeiontiy numerous, ioiiow mo same law ot 
distribution ns the true accidental errors. Consequently system¬ 
atic errors and mistakes might be detected by a direct comparison 
of the actual distribution with the theoretical, as carried out in 
article thirty-four, provided the numbor of observations is very 
large. However, in most practical measurements, tlio residuals 
arc not sufficiently numerous to fulfill the conditions underlying 
the law of errors, and a considerable difference between their 
actual and theoretical distribution is quite as likely to be duo lo’ 
this fact as to the presence of systematic errors. Whatever the 
number of observations, a close agreement between theory and 
practice is strong evidence of the absence of such errors but it is 
seldom worth while to carry out tlio comparison with less than 
one hundred residuals. 

When the residuals are numerous and distributed in tlio same 
manner as the accidental errors, tho average error of a singlo 
observation, computed by the formula 

V n (n - 1) 

and tho mean error, computed by tho formula 



satisfy tho relation 

M = 1.253 A. 

Also the formula* 

E = 0.8453 A and E = 0.0745 M 

give the same value for the probable error of a single observation. 
When tho number of observations is limited, exact fulfillment of 
these relations ought not to bo expected, but a largo deviation 
from them is strong evidence of the prcsonco of systematic errors 
or mistakes. Unless the number of observations is very small, 
ten or less, tho relations should be fulfilled within a few units in 
the second significant figuro, ns is tho ease in tho numerical example 
worked out in article forty-two. 

Obviously tho arithmetical moan is independent of tho order 
in which the observations arc arranged in taking it, but the order 
of the residuals in regard to sign and mngnitudo depends on tho 
order of tlio observations. When there aro systematic errors and 
the observations arc arranged in the order of progression of their 



cause, tho residuals will gradually increase or decrease in absolute 
magnitude in the same order; and, if the systematic errors aro 
large in comparison with the accidental errors, there will bo but 
ono eliango of sign in tho series. Thus, if the temperature, is 
gradually rising while a length is being measured with a metallic 
scale and the observations arc arranged in the order in which they 
arc taken, the first half of them will be larger than the mean and 
the last half smaller, except for the variations caused by accidental 
errors. Tor the purpose of illustration, suppose that tho observa¬ 
tions arc 

1001.0; 1000.9; 1000.8; 1000.7; 1000.G; 1000.5; 1000.4. 

The menu is 1000.7 and the residuals 

+ .3; +.2; +.1; ± .0; —.1; —.2; —.3 

decrease in absolute magnitude from left to right, i.o., in the order 
in which the observations wero made. There aro five cases in 
which the signs of succeeding residuals arc alike and one in which 
they are different; tho former cases will be called sign-follows and 
thc’lnttor a sign-change. This order of the residuals in regard to 
magnitude and sign is typical of observations affected by sys¬ 
tematic errors when they aro arranged in conformity with the 
changes in surrounding conditions. Since such changes aro usually 
continuous functions of the time, the required arrangemont is 
generally the order in which tho observations are talcon. 

Such extreme eases as that illustrated above are seldom met 
with in practico owing to the impossibility of avoiding accidental 
errors of observation and tho complications they produeo in tho 
sequence of residuals. Gonorally tho systematic errors that are 
not readily discovered and corrected boforc making further re¬ 
ductions aro comparable in magnitude with the accidental errors. 
Consequently they cannot control the sequence in tho signs of 
the residuals but they do modify tho scquonco characteristic of 
truo accidental errors. 

In any extended series of observations there should be as many 
negative residuals as positive ones, since positivo and negative 
errors are equally likely to occur. After any number of observations 
have been made, the probability that the residual of the next obser¬ 
vation will be positive is cq ual to tho probability that it will bo nega¬ 
tive, since the possible number of either positive or negative errors 
is infinite. Consequently the chance that succeeding residuals 



Will nave tno sanio Sign is equal ou Hie eii.meu uitu, wiuy will Have 
different signs. Hence, if Hie residuals nro arranged in the order 
in which the corresponding observations wore made, the number 
of sign-follows should be equal to the number of sign-changes. 

The residuals, computed from limited series of observations, 
seldom exhibit the theoretical scquenco of signs exactly because 
they are not sufficiently numerous to fulfill tho underlying condi¬ 
tions. Nevertheless, a marked departure from that sequence 
suggests the presence of systematic errors or mistakes and should 
lead to a careful scrutiny of tho observations and the conditions 
under which they were made. If the disturbing causes cannot bo 
detected and their effects eliminated, it is generally advisable to 
repeat the observations under more favorable conditions. Tho 
numerical example, worked out in article forty-two, may be cited 
as an illustration from practice. The observations wore mado in 
the order in which they arc tabulated, beginning at the top of the 
first column and ending at the bottom of tho fourth column. In 
the second and fifth columns we find ton positive and ton negativo 
residuals. The number of sign-follows is ten and the number of 
sign-changes is nine. This is rather hotter agreement with tho 
tiieorctical sequence of signs than is usually obtained with so few 
residuals. It indicates that the observations were mado under 
favorable conditions and are sensibly free from systematic orrovs 
but it gives no evidence whatever that strictly constant orrora 
are absent. 

Although the foregoing criteria of accidental errors nro only 
approximately fulfilled when the number of observations is lim¬ 
ited, their application frequently leads to tho cloloetion and elimi¬ 
nation of unforeseen systematic errors. Tho first method is rather 
tedious and of little value when less than ono hundred obser¬ 
vations arc considered, but the last two methods may be easily 
carried out and are generally exact enough for tho detection of 
systematic errors comparablo in magnitude with the probable error 
of a single observation. 

69 . Probability of Large Residuals. — In discussing the dis¬ 
tribution of residuals in regard to magnitude, tho words largo and 
small arc used in a comparative senso. A large residual is ono that 
is large in comparison with the majority of residuals in tho series 
considered. Thus, a residual that would bo classed as largo in a 
series of very precise observations would be considered small in 



dealing with less exact observations. Consequently, in expressing 
the relative magnitudes of residuals, it is customary to adopt a 
unit that depends on the precision of the measurements considered. 
The probable error of a single observation is the beat magnitude 
to adopt for this purpose, since it is greater than one-lmlf of the 
errors and less than the other half. If we represent the relative 
magnitude of a given error by S, the actual magnitude by A, and 
the probable error of a single observation by 

s = §• (105) 


The relative magnitudes of the residuals may be represented in 
the saint; way by replacing the error A by the residual r. It is 
obvious that values of »$ loss than unity correspond to small re¬ 
siduals mid values greater than unity to large residuals in any 
scries of observations. 

In equation (13), article thirty-three, the probability that an 
error chosen at random is less than a given orror A is expressed 
by the integral 

2 r 

Pt, = - r \ e-t'dt. (13) 

vV Jo 

Aquation (25), article thirty-eight, may be put in the form 


where 0 is written for the numerical constant 0.47694. 
introducing (105), 


/-w 0 

V *1 = TJ 


0S 

A ’ 


and (13) becomes 


P» - 


2 

vV« 





Honco, 


(106) 


Obviously this integral expresses the probability that an error 
chosen at random is loss than S times the probable error of a 
single observation. It is independent of the particular series to 
which the observations belong and its values, corresponding to 
a series of values of the argument S, arc given in Table XII. 

Since all of the errors in any system are loss than infinity, 
is equal to unity. Hence the probability that a single error, 



chosen t at random, is greater man o wmw jjj gjvi.u uy uio rela¬ 
tion 

Q. = 1 - i J .. (v) 

Now the residuals, when sufficiently numerous and freo from 
systematic errors and mistakes, should follow the sumo distri¬ 
bution as the accidental errors. Hence, if n a is the number of 
residuals numerically greater than SE and N is the total number 
in any series of observations, we should havo 


0 = 

N 


(vi) 


Sinco the numerical valuo of P B) and consequently that of Q a 
depends only on tlio limit S and is independent of tho precision 

of tho particular series of measurements considered, the ratio — > 

corresponding to any given limit S, should bo tho stimo in all 
eases. Consequently, if N observations have been made on any 
magnitude and by any method whatever, n a of them should corre¬ 
spond to residuals numerically greater than SE. Conversely, if 
wo assign any arbitrary number to n 9 , equation (vi) dofmes tho 
number of observations that wo should expect to make without 
exceeding tho assigned number of residuals greater than SE. 
Hence, if N a is the number of observations among which there 
should bo only one residual greater than S times tho probablo 
error of a singlo observation, we have, by placing n a equal to 
one in (vi), and substituting the valuo of Q a from (v), 


N a = 


2 

& 


i 

L-P* 


(107) 


The fourth column of tho following table gives tho values of N S) 
to tho nearest integer, corresponding to tho integral values of tho 
limit S givon in the first column. Tho values of P e in tho second 
column are taken from Tahlo XII, and those of Q a in the third 
column are computed by equation (v). 


s 

1>. 

Q, 

A', 

1 

0.60000 

0 60000 

2 

2 

0.82200 

0.1773-1 

0 

3 

0.06098 

0.0-1302 

23 

-I 

0.09302 

0.00008 

143 

5 

0.09920 

0.00074 

1361 









To illustrate the significance of this table, suppose that M3 
direct observations have been made on any magnitude by any 
method whatever. The probable error IS of a singlo observation 
in this series may be computed from the residuals by equation (31) 
or (34). Then, if the residuals follow the law of errors, not more 
than one of them should be greater than four times as large as IS. 
Jf the number of observations had boon 1361, we should expoct 
to find one residual greater than five times E, and on the other 
hand if the number had boon only twenty-three, not moro than 
one residual should be greater than three times E. 

Although the probability for the occurrence of largo residuals 
is small, and very few of them should occur in limited scries 
of observations, their distribution among tho observations, in 
respect to tho order in which they occur, is entirely fortuitous. 
A large residual is as likely to occur in the first, or any other, 
observation of an extended series us in the last observation. Con¬ 
sequently the limited scries of observations, taken in practice, 
frequently contain abnormally large residuals. This is not due 
to a departure from the law of errors, but to a lack of sufficient 
observations to fulfill the theoretical conditions. In such cases 
there are not enough observations with normal residuals to balauco 
those with abnormally large ones. Consequently a closer approxi¬ 
mation to the arithmetical mean that would have been obtained 
with a moro extended series of observations is obtained when the 
abnormal observations aro rejected from the series before taking 
the moan. 

Observations should not be rejected simply because they show 
large residuals, unless it can he shown that tho limit sot by the 
theory of errors, for the number of observations considered, is 
exceeded. 'This cun be judged approximately by comparing tho 
residuals of the given observations with tho numbers given in the 
first and last columns of tho above table, but a moro rigorous test 
is obtained by applying Chauvenet’s Criterion, us explained in tho 
following article. 

70 . Chauvenet’s Criterion. — The probability that the error 
of a single observation, chosen at random, is loss than SE is 
expressed by in equation (106). Now, the taking of N inde¬ 
pendent observations is equivalent to N selections at random from 
tho infinite number of possiblo accidental errors. Henc.c, by 
equation (7), article twenty-throe, the probability that each of 
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SE is equal to i\ N . Sinco all of tlu; N errors must bo wither greater 
or loss than SE, the probability that at least one of thorn is greater 
than this limit is equal to 1 — /V Y . Placing this probability 
equal to one-half, wo lmvo 

i _ p n = i 

or 

p. = (i - ip. < vii > 

If tho limit S is determined by this equation, tliorc is an even 
chance that at. least one of the N observations is affected by an 
error greater than SE. 

Expanding the second member of (vii) by the Binomial Theorem 

/, V? _ , _ 1 1 _ N ~ 1 ' - (W_-_I)(2 N -J) 1 _ 
[ l ~2) ~ 1 N' 2 1 • 2 • N 2 * i 1 • 2 • 3 • N :i *8 

(N — l)(2N ~ 1) . . . {(K-l)iV - l| /1\k 
1*2*3 . . . K*N k ' A2/ * 


The terms of this scries decrease very rapidly and all but tho first 
aro negative. Consequently the sum of tho terms beyond tho 
second is small in comparison with tho other two; and, whatever 

_i_ 

the value of N, (1 ~ vj) ,v is nearly equal to, but always slightly 
less than, ^ ^ ' ®* ,1C0 anc ^ $ increase togothor, tho limit 

T determined by tho relation 


2tf- 1 


2 jV 


(108) 


is slightly greater than tho limit. S determined by (vii). Iloncc, 
if N independent direct observations have been made, tho prob¬ 
ability against the occurrence of a singlo error greater than 

A r = TE (109) 

is greater than the probability for its occurrence. Consequently, 
if the given series contains a residual greater than Ay, the prob¬ 
able precision of tho arithmetical moan is inercasod by excluding 
the corresponding observation. 



Equations (108) and (109) express Chauvonct's Criterion for tho 
rejection of doubtful observations. In applying them, the prob¬ 
able error E of a single observation is first computed from tho 
residuals of all of the observations by cither equation (31) or tho 
first of equations (34) with the aid of Table XIV or XV. If any 
of the residuals appear largo in comparison with the computed 
value of E, Pt is determined from (108) by placing N equal to 
the number of observations in the given series. T is then, obtained 
by interpolation from Tabic XII, and finally Ay is computed by 
(109). If one or more of the residuals arc greater than the com¬ 
puted Ay, the observation corresponding to the largest of them is 
excluded from the scries and the process of applying the criterion is 
repealed from the beginning. If one or more of tho new residuals 
are greater than the now value of Ay, tho observation correspond¬ 
ing to the largest of them is rejected. This process is repealed 
and observations rejected one at a time until a value of Ay is ob¬ 
tained that, is greater than any of the residuals. 

When more than one residua! is greater than the computed 
value of Ay, only the observation corresponding to tho largest 
of them should be rejected without further study. The rejection 
of a single observation from the given scries changes the arith¬ 
metical mean, and lienee all of the residuals and the value of E 
computed from them. If r and r' are the residuals corresponding 
to the same observation before and after the rejection of a more 
faulty observation, and if Ay and Ay' are the corresponding 
limiting errors, it may happen that >•' is less than Ay', although r 
is greater than Ay. ITcneo the second application of tho criterion 
may show that a given observation should be retained notwith¬ 
standing the fact that its residual was greater than the limiting 
wror in the first application, provided an observation with a 
larger residual was excluded on tho first trial. 

To facilitate tho computation of Ay, the values of T corre¬ 
sponding to a number of different, values of IV have been 
interpolated from Tablo XII and entered in the second column 
of Table XIII. 

Tor the purpose of illustration, suppose that ten micrometer 
settings have been made on the same mark aud recorded, to tho 
nearest tenth of u division of the micrometer head, as in the first 
column of the following table. 



Oba. 

r 

r' 

2.607 

2.650 

2.650 
2.652 

2.651 

2.553 
2.555 
2.548 

2.554 
2.657 

+0.0118 
+0.0038 
+0.0008 
-0.0032 
-0.00-12 
—0.0022 
-0.0002 
-0.0072 
-0 0012 
+0.0018 

+0.0051 
+0.0021 
-0.0010 
-0.0020 
-0.0000 
+ 0.0011 
-0.0059 
+0.0001 
+0.0031 

t - 2.6652 

1?) =0.0304 

17-) =0.0231 


E = O.0032 

E' = 0.0023 


T » 2.01 

]" = 2 81 


Ar = 0.0003 

A v' — 0.0005 


The residuals, computed from the menu s, art; given under r. 
The probable error E, computed from [?} by the first of equations 
(34), with the aid of Tablo XV, is 0.0032. The value of T corre¬ 
sponding to ton observations is 2.01 from Tablo XIII, and the 
limiting error Ay is equal to 0.0003. Since this is less than the 
residual 0.0118, the corresponding observation (2.567) should bo 
rejected from the series. 

The mean of the retained observations, aY, is 2.5530, and the 
corresponding residuals are givon undor r' in the third column of 
the above table. Tho new value of the limiting error (A/), com¬ 
puted by tho same method as above, is 0.0065. Since none of 
the new residuals are larger than this, the nine observations left 
by tho first application of tho criterion should all be retained, 

7 i. Precision of Direct Measurements. — Tho first stop in 
tho reduction of a scries of direct observations is tho correction 
of all known systematic errors and the test of the completeness of 
this process by tho criteria of article sixty-oight. In general, tho 
systematic errors represent small variations of otherwise constant 
orrors; and, in making tho preliminary corrections, it is best to 
consider only this variable part, i.c., tho corrections arc so applied 
that all of tho corrected observations arc loft with exactly tho 
samo constant orrors, Tims, suppose that tho temperature of a 
scale is varying slowly during a series of observations, and is 
nover very near to tho temperature at which tho scale is standard. 
It is bettor to correct each observation to tho mean temporaturo 
of tho scalo and leave the larger correction, from moan to standard 





temperature, until it ean be applied to tlio arithmetical mean in 
connection with the corrections for other strictly constant errors. 
This is because tho systematic variations in the length of the 
scale are so small that the unavoidable errors in the observed 
temperaturos and the adopted coefficient of expansion of the scale 
can produce no appreciable effect on the corrections to mean 
temperature. Tho effect of these errors on tho larger correction 
from mean to standard temperature is more simply treated in 
connection with the arithmetical mean than with the individual 
observations. 

Let ci, 02 , . . . , o n represent a scries of direct observations 
corrected for all known systematic errors and satisfying the 
criteria of accidental errors. Wo have seen that tho most prob¬ 
able value that we can assign to the numeric of the measured mag¬ 
nitude, on tho basis of such a series, is givon by the relation 

x = o m + e' + c"-t- • • ■ -t-ct*), (102) 

where o m is tho arithmetical mean of the o’s, and the c’s represent 
corrections for strictly constant errors. If the c’s could be deter¬ 
mined with absolute accuracy, or even within limiting errors that 
are negligible in comparison with tho accidental errors of the o’s, 
the only uncertainty in tho above expression for x would bo that 
due to the accidental error of o n . Hence, by equations (103), if 
E x and E m are tho probable errors of x and o„„ respectively, we 
should have _ 

S,-A.- 0.074 (HO) 

If \vc follow the usual practice and regard tho probable error of a 
quantity as a measure of the accidental errors of the observations 
from which it is directly computed, equation (110) still holds 
when the accidental errors of the c’s are not negligible; but, as wo 
shall sec, TC X is no longer a complete measure of the precision of * 
in such cases. 

In practice each of the c’s must be computed, on theoretical 
grounds, from subsidiary observations with tho aid of physical 
constants that have been previously determined by direct or 
indirect measurements. For the sake of brevity tho quantities 
on which tho c’s depend will he called correction factors. Since all 
of them are subject to accidental errors, the computed c’s aro 
affected by residual errors of indeterminate sign and magnitude. 
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When the probable errors of the correction factors arc known the 
probablo errors of tho c’s nmy 1)0 computed by tho laws of propa¬ 
gation of orrors with the aid of tho correction formulas by which 
tho c’s are determined. 

Equation (102) gives x as a continuous smn of o, n and the c’s. 
Consequently, if wo represent the probablo errors of tho c’s by 
Ei, E if , E q , respectively, wo havo by equation (7(1), article 
fifty-eight, 

RS = #„ a + Ei 3 + * • • +# g a , (111) 

wnoro ll a is the resultant probable error of x duo to tho correspond¬ 
ing errors of o„, and the c’s. To distinguish R x from tho probablo 
error E x , which depends only on tho aeeidoutal error of o n „ wo 
shah call it the precision measure of x. 

Although equation (111) is simplo in form, the soparato compu¬ 
tation of the E% from tho errors of tho correction factors on which 
they depend, is frequently a tedious process. Moreover several 
of tho c’s may depend on the same determining quantities. Con¬ 
sequently the computation of x and Ih is frequently facilitated by 
bringing tho correction factors into tho equation for x oxplicitly, 
rather than allowing them to romain implicit in tho c’s. Thus, 
if a, 0, .... p represent the correction factors on whioh the c’s 
depond, cquntiou (102) may bo put in tho form 

x = F (o„„ a, 0, . . . , p). (112) 


Hence, by equation (81), artielo sixty, 




Jp 


(113) 


where Bp, etc., aro tho probablo errors of«, 0, otc. 

For oxamplo, suppose that o, n represents the meun of a num¬ 
ber of observations of the disUmco between two parallel lines 
expressed in tonns of tho divisions of tho scale* used in making 
the measurements. Let t\ represent th» mean temperature of tho 
soalo during tho observations; L tho moan length of tho scalo 
divisions at the standard temperature to, in terms of tho chosen 
unit; a the coefficient of expansion of the scalo; and 0 tho angle 
botwcon tho scalo and tho normal to the linos. Tlion, if tho 
individual observations havo been corrected to moan tompornturo 
h before computing the mean observation o„„ tho bost approxima- 



tion that we can make to the true distance between the lines is 
given by tho expression 

x = o m L (*i — MI 


in which the correction factors L, /3, U, and to appear explicitly ; 
as in the general equation (112). A more detailed discussion of 
this example will be found in article seventy-three. 

If we represent the separate effects of the errors E,.,, E a , . . . , 
E p on the error R x by D n , D a> Dp, , D P) respectively, we 
have 


r\ dE „ .. OR 

Dm ~do m E " 1 ’ Da ~doc Ea >'' 


. ; D P = ^P„ 014) 


and (113) becomes 

Rx 2 = DJ + DJ + D# + • • • 4- DpK (115) 


In some cases tho fractional effects 


P — ^25 • p — Us . 
Im ~ X ’ Ia - X 


Pp = 


Dp 

X 


can be more easily computed numerically than tho corresponding 
D’s. When this occurs, the fractional precision measure 

p * = ¥ = p ™ 2 + p « 2 + p „ 2 + • • • + /V (no) 

,(/ 


is first computed and then R x is determined by the relation 

R* = X'P x . (117) 

Whilo equations (112) to (117) are apparently more complicated 
than (102) and (111), they generally lead to more simple numerical 
computations. Moreover the probable errors of some of tho 
correction factors aro frequently so small that they produce no 
appreciable effect on R x . When cither equation (115) or (116) is 
used, such cases arc easily recognized because the corresponding 
D’s or P's are negligible in comparison with D m or P,„. Obvi¬ 
ously the same condition applies to tho P’s in equation (111), but 
the numerical computation of cithor the D’s or the P's is generally 
more simple than that of the E’s in (111) because approximate 
values of o„ and the correction factors may be used in evaluat¬ 
ing the differential coefficients in (3M). The allowable degree of 
approximation, the limit of negligibility of tho D’s, and some other 



acinus 01 UK! uuini»»uu,nm »*«» mnumut mure extensively 
ill the next article. 

If tlio truo numeric of Mm measured magnitude is represented 
by X, tho final result of a series of direct measurements may h 0 
expressed in tho form 

A’ = Xzlz lit, (l 1.8) 

where x is tho most probable value Mud. cun be assigned to X on 
the basis of the given observations, mid li x is the precision measure 
of x. In practice x may be computed by either equation (102) 
or (112), or llui arithmetical mean of Ihe individually corrected 
observations may bo taken, and ft* is given by equations (111), 
(115), or (117), tho choice of methods depending on the nature 
of tho given, data and the. preference of (lie computer. 

Tho exact significance of equation (IIS) should be carefully 
homo in miutl, mid it should be used only when the implied condi¬ 
tions have boon fulfilled. briefly sluled, Ihrse conditions are ns 
follows: 

1st. The accidental errors of l lie observations on which % 
doponds follow the general law of such errors. 

2nd. A careful study of the methods and apparatus used has 
boon made for the purpose of deteeliug all sources of constant 
or systematic errors and applying the necessary rorrmdion.s. 

3rd. Tho given value of x is the most probable that can bo 
computed from tho observations after all constant errors, system¬ 
atic orrors, and mistakes have been ns completely removed ns 
possiblo. 

4 Ih. Tho resultant effect of all sources of error, whether acci¬ 
dental orrors of observation or residual errors loft by the correc¬ 
tions for constant orrors, is oh likely to bo less thua ft* ns greater 
than ft*. 

Tho oxprossions in tlm form X x :1- A*, used in preceding 
ohaptors, aro not violations of Ihe above principles because, in 
thoso cases, wo were discussing only Mm effects of accidental 
orrors and tho observations were assumed to be free from all con¬ 
stant errors and mistakes. Much ideal conditions never occur in 
practice. Consequently ft* should not be replaced by E, in 
expressing the result of actual measuremetils in Mm form of equa¬ 
tion (118), unless it can be shown by equal ion (I 15), and the given 
data that tho sum of the squares of the 1)'h corresponding to all 
of tho correction factors is negligible in comparison with D m \ 
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In the latter ease E, and li x are identical as may be easily seen 
by comparing equations ( 110 ), ( 111 ), and (llf>). 

72 . Precision of Derived Measurements. — When a desired 
numeric X 0 is connected with the numories X\, X o, . . . , A,, 
of a number of directly measured magnitude’s by the relation 
A'„ = F (X tl X h .... XJ, 

the most probable value that we can assign to A'o is given by the 
expression 

x Q = F(x u xu . . . , s ff ), (H9) 

where the s’s are the most probable values of the X’s with corre¬ 
sponding subscripts. Each of the component .r’s, together with 
its precision measure, can be computed by the methods of the pre¬ 
ceding article. Tins precision measure of .To may be computed 
with the aid of equation (81), article sixty, by replacing the E 's in 
that equation by the 72’s with corresponding subscripts. 

Sometimes the numerical computations arc simplified and the 
discussion is clarified by bringing the direct observations nncl the 
correction factors explicitly into the expression for .To- If 
06 , . . . , o p arc the arithmetical means of the direct observa¬ 
tions, after correction for systematic errors, on which .ti, x?, , 

Xq respectively depend, and a, 0, . . . , p arc the correction 
factors involved in the constant errors of the observations, equa¬ 
tion (119) may be put in tho form 

Xq — 0 (On, Ot>, . . . , Oji, a, 0, , p). (120) 

The function 0 is always determinable when the function F in 
(119) is given and the correction formula) for the constant errors 
are known. 

Representing tire precision measure of a 0 hy 7? 0 , and adopting 
an obvious extension of the notation of the preceding article, we 
have, by equation (81), 
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(121) becomes 

lit = Dj + Df + ■ • * + £,* +JV + iV> + • • . +7)/. (123) 
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and tho fractional precision measure of x 0 is given by the relation 

;V= ^ = /V + P b * + ■ * • + Pp* + Pf + / V + • • • + /y. (124) 
* 0 2 


When the numerical computation of the P’s is simpler than that 
of the D’s, Pa is first computed by equation (124) and then ll 0 
is determined by the relation 

It* = x*P*. (125) 

Tho expression of the final result of the observations and com¬ 
putations in the form 

Ao ~ -To zh Rq 


has exactly tho same significance with respect to X 0} x*, and R* 
that (118) has with respect to X t x, and R x . It should not bo 
used until all of the underlying conditions have been fulfilled as 
pointed out in the preceding article. Confusion of tho precision 
moasuro R 0 with tho probable ervov E 0 > and insufficient rigor in 
eliminating constant errors have led many exporimonteva to an 
entirely fictitious idea of tho precision of their measurements. 

When the correction factors aro explicitly expressed in tho 
reduction formuhe, as in equations (112) and (120), tho only 
difference between tho expressions for direct and derived measure¬ 
ments is seen to lie in tho greater number of directly observed 
quantities, o a , o b , etc., that appear in the lattor oqunlion. The 
same methods of computation arc available in both cases and tho 
following remarks apply equally well to cither of thorn. 

For practical purposes, the precision measure R is computed 
to only two significant figuros and tho corresponding x is carried 
out to tho place occupied by the second significant figure in R. 
The reasons underlying this rule havo boon fully discussed in 
article forty-three, in connection with tho probable error, and 
need not be repeated here. In computing tho mnnorical valuo 
of tho differential coefficients in equations (113), (114), (121), and 
(122), tho observed components, o„„ o a , o b , etc., and the correc¬ 
tion factors, a, /3, etc., avo rounded to three significant figuros, 
and those that affect the result by less than one per cont arc neg¬ 
lected. This degree of approximation will always givo R within 



ono unit in tho second significant figuro and usually decreases the 
Iubor of computation. 

Generally the components Qm) Oat Ob, etc., represent tho arith¬ 
metical means of scries of direct observations that have been 
corrected for systematic errors. In such cases the corresponding 
probable errors E m , E a , E b , etc., can bo computed, by equations 
in the form of (110), from the residuals determined by equations 
in the form of (103), with the aid of the observations on which 
tho o’s depend. If the observations arc sufficiently numerous, 
the. computation of tho E’s may be simplified by using formulae 
depending on tho average error in the form 

E = 0.845— (34) 

n v/i — 1 

where [f] is the sum of the residuals without regard to sign and n 
is the number of observations. If the observations on which any 
of the o’s depend are not of equal weight, the general mean should 
bo used in place of the arithmetical mean and the corresponding 
probable errors should be computed by equations (41), (42), or 
(44), depending on the circumstances of the observations. 

The o’s in equation (120) are supposed to represent simultane¬ 
ous values of the directly observed magnitudes. When any of 
these quantities arc continuous functions of the time, or of any 
other independent variables, it frequently happens that only a 
single observation can be made on them that is simultaneous 
with the other components. Tn such cases this single observation 
must bo used in place of the corresponding o in (120), and its 
probable error must bo determined for use in equation (122). 
For the latter purpose, it is sometimes possible) to make an auxil¬ 
iary series of observations under tho same conditions that pre¬ 
vailed during the simultaneous measurements o.xeopt that tho 
independent variables arc controlled. Tho required E may he 
assumed to be equal to tho probable error of a single observation 
in the auxiliary series. Consequently it may bo computed by 
formula} in tho form, 

E - 0.674 

V n — 1 
or 

frl 

E « 0.845 -r-J J -1 

Vn (a - 1) 



the corresponding residuals. In some cases this simple expedient 
is not available; and approximate values must he assigned to tho 
E’$ on theoretical grounds, depending on the nature of the meas¬ 
urements; or more or less extensive experimental investigations 
must be undertaken to determine their values move precisely. 

Such invesligations are so various in character- and their utility 
depends so much on the skill and ingenuity of the experimenter, 
that a detailed general discussion of them would bo impossible. 
They may be illustrated by tho following very common ease. 
Suppose that one of tho components in equation (120) repre¬ 
sents the gradually changing temperature of :i lmlh. In com¬ 
puting .T 0 we must uso the thermometer reading o ( taken at tho 
time tho other components arc observed. Tho errors of the fixed 
points of the thermometer and its calibration errors outer tho 
equation among the correction factors «, /3, etc., and do not con¬ 
cern us in the present discussion. In order to determino tho 
probable error of o,, tho temperature of the bath may bo caused 
to riso uniformly, through a range that includes Ot y by passing a 
constant current through an electric healing coil, or tho bath 
may be ullowcd to cool off gradually by radiation. In either caso 
the rate of chango of temperature should bo nearly tho snmo as 
prevailed when o t was observed. A series of corresponding obser¬ 
vations of the timo T and tho tempnraturo L aro mado under 
thoso conditions, and tho empirical relation between T and l is 
determined graphically or by the method of least squares. Tho 
probnblo error of o t may bo assumed to bo equal to tho probablo 
orror of a single observation of l in this series, and may bo com¬ 
puted by equation (94), article sixty-four. 

Some of the correction factors a, {3, etc., appearing as com¬ 
ponents in equations (112) and (120), represent subsidiary obser¬ 
vations, and some of them represent physical constants. Tho 
subsidiary observations may be treated by tho methods outlined 
abovo. When tho highest attainable precision is desired, tho 
physical constants, together with their probable errors, must bo 
determined by special investigation. In less exact work they 
may be taken from tables of physical constants. Such tabular 
values seldom correspond exactly to tho conditions of tho experi¬ 
ments in lmnd and their probable errors aro seldom given. 
Generally a considerable range of valuos is givon, and, unless 



there is definite reason in the experimental conditions for tho 
selection of a particular value, the mean of all of them should bo 
adopted and its probable orror placed equal to one-balf the range 
of the tabular values. The deviations of the tabular values from 
the mean aro duo more to differences in experimental conditions 
and in tho material treated than to accidental errors. Conse¬ 
quently a probable orror calculated from tho deviations would 
have no significance unless these differences could be. taken into 
account. The selection of suitable values from tables of physical 
constants requires judgment and experience, and the general 
statements above should not be blindly followed. In many cases 
the original sources of the data must be consulted in order to 
determine the values that most nearly satisfy the conditions of 
the experiments in hand. 

In good practice the conditions of the experiment aro usually 
so arranged that the D’s, in equation (123), corresponding to tho 
direct observations o a , Ob, etc., are all equal. Mono of the D’s 
corresponding to correction factors should be greater than this 
limit, but it sometimes happens that some of them are much 
smaller. Since Ro is to be computed to only two significant 
figures, any single D which is less than one-tenth of the average 
of the other D’s may be neglected in the computation. If tho 
sum of any number of D’s is less than one-tenth of the avorago 
of the remaining D’s they may all be neglected. A somewhat 
more rigorous limit of rejection can bo developed for use in plan¬ 
ning proposed measurements, but it is scarcely worth while in 
tho present connection since tho correction factors and nil other 
quantities must bo taken as they occurred in the actual measure¬ 
ments, and negligible D’s arc very easily distinguished by inspec¬ 
tion after a little experience. 

After Rq has been determined, flo may be computed by either 
equation (119) or (120). If (119) is used the x’s must first bo 
determined by (102) or (112). Sometimes the computation may 
be facilitated by using a modification of (120), in which some of 
the correction factors appear explicitly while others are allowed 
to remain implicit in the .t’s to which they apply. Such eases 
cannot be treated generally, but must be loft to tho ingenuity of 
the computer. Whatever formula is used, tho observed quanti¬ 
ties and tho correction factors should be expressed by sufficient 
significant figures to give tho computed a*o within a fow units in 



sionally tuc total oticct oi ono or more ui wiu curiuuuon motors is 
loss than this limit and may bo neglected in the computation. Tor 

a single factor, say a, this is tho ease when is loss than —■ 

73 . Numerical Example. — Tho following illustration repre¬ 
sents a series of measurements taken for the purpose of cali¬ 
brating tho interval between the twenty-fifth and seventy-fifth 
graduations on a steel scale supposed to bo divided in centimeters. 
The observations wore made with a cathotometor provided with 
a brass scalo and a vernier reading to ono one-thousandth of a 
division. Ono division of tho level on this instrument corre¬ 
sponds to an angular deviation of 3 X 10 _1 radians, and Llio ad¬ 
justments wero all well within this limit. The steel scale was 
placod in a vortical position with tho nkl of a plumb-line, and, 
since a deviation of 0110 -half millimeter per motor could have 
been easily detected, the error of this adjustment did not oxceod 
6 X 10“ 4 radians. Consequently the anglo between the two 
scales was not greatov than 8 X 10 “ 4 radians, and it may hnvo 
been much smaller than this. Tho temperature of the scales was 
determined by nicroury in glass thermometers hanging in loose 
contact with them. The probable error of those determinations 
was estimated at five-tenths of a degree centigrade, due partly 
to looseness of contact and partly to an impovfoct knowledge of 
the calibration orrors of the thermomotevs. 

Twenty independent observations, when tested by tho last 
two criteria of article sixty-eight, showed no ovidonco of the pres¬ 
ence of systematic errors or mistakes. Consequently the moan 
o mt in terms of cathotometor scale divisions, ami its probablo 
error E m wero computed beforo tho romoval of constant errors. 
The following numerical data represents the results of tho obser¬ 
vations and tho known calibration constants of the eathotometer. 


Moan temperature of the steel scale, T . 

Mean temperaturo of the brass scale, q. 

Mean of twenty observations on llio measured 
interval in terms of brass ecnlo divisions, o m .. 
Mean length, at standard temperaturo, of tho 
brass scale divisions in tho interval used, S .. 

Standnrd temperature of brass scale, t 0 . 

Coefficient of linear expansion of brass scale, a. 
Angle between two scales, £, leas than. 


20° ±0°.5 C. 
2l‘ > .3±0°.6O. 

60.0051 ±0.0015 scale div. 

0.999863 ± 0.00002-1 cm. 
15°.0 C. 

(182 ± 12) X 10-’. 

8 X 10-* rad. 








Tho most probablo valuo that can be assigned to the measured 
interval is given by the expression 


x — o m S {1 + a (h — Jo) ( 
1 


1 


cos/? 

may be treated by the approxi- 
cos p J J " 

mate formulae of Table VII, and the above expression becomes 


Since /3 is a very small angle, 

.blc VU, a 

x — o m S(l + al)(^l + 


where 


i = i i - t 0 . 


Tlie quantity 5 (I +a0 is very nearly equal to unity. Hence, 
neglecting small quantities of tho secoud and higher orders, tho 
correction due to the angle /? is 

B 2 G4 
o»%<5 OX^X 10~ 8 , 

< 0.00001G. 


Since this is less than two per cent of the probablo error of o m , it is 
negligible in comparison with the accidental errors of observation. 
Consequently the precision of x is not increased by retaining tho 
term involving/?, and we may put 

x = o m S (1 -f at). (a) 

Tho probable error of to is zero, because the accidontal errors of 
the temperature observations, made during the calibration of tho 
brass scale, are included in tho probable errors of S and a com¬ 
puted by the method of article sixty-five. Consequently tho 
probable error of l is equal to that of t\, and we havo 

l = G°.3±0°.5C. 


In tho present case equation (115) is the most convenient for 
computing the precision measure R t of x. Only two significant 
figures arc to be retained in the separate effects computed by 
equation (114). Consequently the factor (1 + at) may ho taken 
equal to unity, and the numerical values of o m and S may bo 
rounded to three significant figures for the purpose of this com¬ 
putation. Thus, taking o m equal to 50.0, 5 oqual to 1.00, and 
the other data as given above, wo Imvo 







5 °m (1 -f- at) ]$ t =5 

o m StE a ~ 


BO x E, = 0.0012. 
60 X °' 3 XS„ = 0.00038. 


T\ __ ax „ -uuu. 

dt E ^ ~ o^SccEt *50 X 182 X 10'? x w n 

n 2 nn>. x A * 0.00016. 

A» 2 = 225.0 X 10~ 8 

A a - 144.0 X 10~ 8 

A* 2 ~ 14.4 X 10' 8 

Dt * a _. 31.2 X 10-* 

P 8 ] = iOi.GxlF* 

Wonco, by equation (lig) j 

®* 8aa t 0 *] * 404.6 x 10~ 8 , 

* V'404Zxlo :: » = o 0020 
. ^ the ptu-poso of computing , it Js . 
given data in the form ’ b ° OUVc ^ont to put tho 

< J? S= 50 (1 +0.000102), 

* “ 1 ~ 0.000147, 

«<« 0.000115. 

1 hen, by equation (a), 

-aiiur™’ 03+ »™“>. 

“ 50.0035. 

7 0f tl10 a W®taato 

* risss 

m oentimetors, the oanputod valued T Tf clivisions is 6™n 
n centimeters and our uneortninf v m ’ ^ R ” flP0 aJso ^Pressed 
between the twenty-fifth and tho 7 rogai ‘ clm S the truo distance L 
Steel soale is of the 

at the temperaturo L ~ 50,0035 + 0.0020 contimeters, 
^“SOo.O-t.o 0 ^ C. 



The above discussion shows that tho precision of the result 
would not have been materially increased by a more accurate 
determination of T, h, and a, sinco the effects of the errors of 
these quantities arc small in comparison with that of the orrors 
of o m and S. The probable error of o m might have been reduced 
by making a larger number of observations and taking care to 
keep the instrument in adjustment within one-tenth of a level 
division or less. But the given value of h r ,„ is of this same order 
of magnitude as the least count of the vernier used, and, since 
each observation represents tho difference of two scale readings, 
it would not be decreased in proportion to the increased labor of 
observation. Moreover, tho terms D m and Z), in the above value 
of R z are nearly equal in magnitude, and it would not be worth 
while to devote time and labor to the reduction of one of them 
unless the othor could be reduced in like proportion. 



CHAPTER XI. 

discussion of proposed measurements. 

«h£ SSS, S^T^rr. Th0 , mo - au —ont Of a 
different, and more or less independent ° Ut y any one of several 
instruments usually differ in tyi'and Ifl , ldl ° availttble 
choice among methods and instruments should^ d °f °' 0A 
the desired precision of the result n» r i +h A bo doto ™imed by 
worth while to devote to tho ohs i ■ tlmo ancl labor that it i s 
Since the md Motions, 

crease more rapidly than °° St ° f illstnimo “ts in- 

measure of the attalned res uYlSdcTr ° f th ° P"**"® 
money is involved in any nmasureZi i I V™ of timl > and 

greater precision than is demanded bv t ' s aTOOuted 

h t° I™*. On the ot if U, n ^ -° Whioh tta *»ult 

sufficient for the purpose in hi he T 8 ' 0 ' 1 aUai,1 ° d is 110t 
repeated by a more exact method ’1 moaslm)m| mt must be 
expense of the first detemtaa 0 n m C ™.f ql,ent ' y ‘ho labor and 
Anal result and the wasto is m Z ° b “ t vcry to the 
case. Sometimes the oxpenso of T B “ ln tho Preceding 
avoided by using the inexLt result of tlTT"} dotol '® ina tion is 
is ikely to prove disastrous unless the nil• Y f oh a sa ™g 
data is duly considered. ccitainty of tho adapted 

^ex“ tSfttS attained. by so planning 
desired precision and neglecting all > o° '° slllt ,s S'^on with the 
apparatus that are not essential °. finom , ellts of method and 
sideratiens have greater wlgh 1 nn t ™ d Whil ° oon- 
carried out for practical purposed t Wsh n W “ h mBasur °“ents 
m p arming investigations undertake/,V 'i "T 01 ' be no S loot ed 
meat of science. I„ the ferme Iso ho ? r f y f ° r tlle «*«». 
ments may represent an appreeffible^ 7°r ? nB0BSSiU ' y meas " B - 
a proposed engineering enterprise and m a °, tl . on of the expense of 
m preparing estimates. I n 1 |„tte “ 1 tal “ n “ to account 

burdening the limited funds available ““ th ° r ° ia 110 exouse for 

a ™ J 44 G f ° r researoh with the expense 


ui in-cuniriveu ana nupnazaru measurcmunui. mu piuujsiou 
requirements may be, and indeed usually am, quite different in 
the two cases, but the samo process of arriving at suitable methods 
applies to both. 

75 . The General Problem. — In its most general form the 
problem may bo stated as follows; Required the magnitude of a 
quantity X within the limits ± R , X being a function of several 
directly measured quantities Ah, Ah, etc.; within what limits must 
wc dotermine tire value of each of the components X h X 2 , etc.? 
'In discussing this problem, all sources of error both constant and 
accidental must be taken into account. For this purpose tho 
various methods available for the measurement of the several 
components are considered with regard to the labor of execution 
and the magnitude of the errors involved as well as with regard to 
the facility and accuracy with which constant errors can be removed. 

After such a study, certain definite methods are adopted pro¬ 
visionally, and examined to determine whether or not the re¬ 
quired precision in the final result can be attained by their use. 
As the first step in this process, the function that gives tho rela¬ 
tion between X and the components, Ah, Xu, etc., is written out 
in its most complete form with all correction factors explicitly 
represented. Thus, as in article seventy-two, the most probable 
value of the quantity X may ho expressed in tho form 

*o = 0 (Oa, o b , , o,,, oc,0, , p ), (120) 

where the a’s represent observed values of Ah, Ah, etc., and a, 0, 
. . . , p, represent the factors on which the corrections for con¬ 
stant errors depend as pointed out in connection with equation 
(112), article seventy-one. 

The form of tho function 0, and the nature and magnitude of 
the correction factors appearing in it, will depend on the naturo 
of tire proposed methods of measurement. Since all detectable 
constant errors are explicitly represented by suitable correction 
factors, all of tho quantities appearing in tho function 0 may be 
treated as directly measured components subject to accidental 
errors only. Hence tho problem reduces to the determination 
of tho probable errors within which each of the components must 
be determined in order that the computed value of Xq may come 
out with a precision measure equal to the given magnitude Rq. 
If all of tho components can be determined within the limits set 


the provisionally auopicu meuious arc auoquavo icr tno purpose 
iu hand and tho measurements may bo carried out with con¬ 
fidence that the fimil result will bo preoiso within the required 
limits. When one or more of iUo components cannot bo deter¬ 
mined within tho limits Urns sot without undue labor or oxpcn.se, 
tlie proposed methods must bo modified in such a manner that tho 
nocessary measurements will bo feasible. 

76 . The Primary Condition. — The present problem is, to* 
sonio extent, the inverse of that treated in articlos noventy-ono 
and seventy-two. In the latter ease tho given data represented 
the results of completed scries of observations on tho .several 
component quantities appearing in the function 0, together with 
their respective probable errors. The purpose of the analysis was 
the determination of the most probable value a*o tlml could bo 
assigned to tho measured magnitude and the precision measure 
of the result. In the present easo approximate values of Xo and 
tho components in 0 nro given, and the object of the analysis is 
the determination of the probable errors within which each of the 
components must bo measured in order that the value of # 0 , 
computed from tho completed observations, may conic out with a 
precision mcasuro equal to a given magnitude Ii 0 . 

If Db, , D p , D a , D$, D p roprosont tho separate 

effects of the probable errors E n , Eb, . . . , E v , E al E$, ... , 
E„ of the components o a , oo, ... , o„, a, 0, . . . , p, respec¬ 
tively, wc have, as in article seventy-two, 


n d& „ 00 n dO 71 n 00 n /< nrt\ 

D a — -Q^ E a ) . . . D p — Ep', D v — —bje) . . • Dp — —E p , (122) 


do. 


da 


Oft 


and the primary condition imposod on those quantities is given by 
the relation 


R* 2 = Df + D b * + ■ • * + zy + DJ + D# + ■ • ■ + /y. (123) 

Tho precision measuro R 0 and approximate values of tho com¬ 
ponents are given by tho conditions of tho problem and tho pro¬ 
posed methods of measurement. Tho E’s, and honco also tho 
D’s, are tho unknown quantities to be determined. Conse¬ 
quently there are as many unknowns in equation (123) as Micro 
nro different components in tho function 0. Obviously the problem 
is indeterminate unless some furthor conditions can bo imposed 




v_m 01 ij o f loi wtnui vyjot; it tvuuai uu ^u^oiwnj iu u^oi^n cut uituiiou 

number of different values to each of tho Ifx which, by proper 
selection ami combination, could bo made to satisfy tho primary 
condition (123). 

77 . The Principle of Equal Effects. — An ideal condition to 
impose on the D ’s would specify that they should be so determined 
that the required precision in tho final result .To would bo attained 
with tho least possible expense for labor and apparatus. Un¬ 
fortunately this condition cannot bo put into exact mathematical 
form since there is no exact general relation between the difficulty 
and the precision of measurements. However, it is easy to see 
that the condition is approximately fulfilled when the measure¬ 
ments are so made that tho D ’s are all equal to the same magnitude. 
For, the probable error of any component is inversely proportional 
to tho square root of the number of observations on winch it 
depends and the expense of a measurement increases directly 
with the number of observations. Consequently the expense 


W a of the component o a is approximately proportional to i or, 


do . 


since - -is constant, to 7 ^- 5 . Similar relations hold for the other 
oo n ’ D a 2 

components. Hence, as a first approximation, wo may assume 
that 


A 2 A 2 

"'-W + 5P + 


-f - 4- — j_ 
^ DJ ^ Dff 2 + 


( 120 ) 


whore IK is tho total expense of the determination of Xq, and A is 
a constant. By the usual method of finding the minimum value 
of a function of conditioned quantities, the least value of IF con¬ 
sistent with equation (123) occurs when tho D ‘s satisfy (123) and 
also fulfill the relations 


$k +K,3 M-°‘ 


~ + K^f = 0 , 

0D„ dD a ' 

^ iV 0 D b ’ 



the provisionally auopiou nunnuu* mu uuuijuuwj iur ino purpose 
in hand and the measurements may bo carried out with con¬ 
fidence that the (imil result will ho precise within the required 
limits. When ono or more of the components cannot be deter¬ 
mined within tho limits thus set without unduo labor or expense, 
the proposed methods must bo modified in such a manner that tho 
necessary moasuromonls will bo feasible. 

76 . The Primary Condition. — Tho present problem is, to' 
somo extent, tho inverse of that treated in articles sovonty-ono 
and seventy-two. In tho latter case tho given data represented 
the results of completed series of observations on tho several 
component quantities appearing in the function 0, together with 
thoir respective probable errors. Tho purpose of tho analysis was 
tho determination of the most probable value .to that could bo 
assigned to tho measured magnitude and tho precision measure 
of the result. In tho present ease approximate, values of a 0 and 
tho components in 0 are givon, and the object of the analysis is 
tho determination of tho probable orrors within which each of llio 
components must bo measured in order that the value of xo, 
computed from tho completed observations, may come out with a 
precision measure equal to a given magnitude 77o. 

If D Z>6, . . . , D Pi 77„, 7; e , . . . , J) p represent the separate 
effects of tho probable errors K a , At, . . . , K v , ]$ a , F ff) . . . , 
E fi of tho compononts o„, o,,, a, /?,... , p, respec¬ 

tively, we havo, as in article sovonty-two, 


D — -^-F • . n — Ji' . ]) — dO p , • J) — ^F ft22\ 

Da ~c)Oa La ’ • * • ' Dp ~do l , 1 ' t I)n ~ da 1 ** 1 " • ' )p ~t )/> " (l22) 


and tho primary condition imposod on theso quantities is given by 
the rotation 


Itf = D* + TV + • * • + D,, s + TV + 7V d-+ D*. (123) 

The precision measuro 77 0 and approximate values of llio com¬ 
ponents avo givon by tho conditions of tho problem and tho pro¬ 
posed methods of measurement. The A’ta, and houco also tho 
D’s, aro tho unknown quantities to be determined. Conse¬ 
quently thoro aro as many unknowns in equation (123) as there 
arc different compononts in tho funclion 0. Obviously the problem 
is indeterminate unless some further conditions can bo imposed 
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number of different values to each of the ])’& which, by proper 
selection mid combination, could be made to satisfy the primary 
condition (123). 

77 . The Principle of Equal Effects. — An ideal condition to 
impose on the O 's would specify that they should be so determined 
that the required precision in the final result x* would be attained 
with the least possible expense for labor and apparatus. Un¬ 
fortunately this condition cannot bo put into exact mathematical 
form since there is no exact general relation between the difficulty 
and the precision of measurements. However, it is easy to seo 
that the condition is approximately fulfilled when the measure¬ 
ments arc, so made that the D's arc all equal to the same magnitude. 
For, the probable error of any component is invorsely proportional 
to the square root of the number of observations on which it 
depends and the expense of a measurement increases directly 
with the number of observations. Consequently the expense 


TK, of the component o a is approximately proportional to 


1 

Ba* 


or, 


since - - is constant, to ^- 5 . Similar relations hold for the othor 

00f\ i/fj 

components. Hence, as a first approximation, wc may assume 
that 


_ii l4!j_ 

' /V ^ W + ' ‘ ‘ + Dff 2 + 


020 ) 


where TK is the total expense of the determination of xo, and A is 
a constant. By the usual method of finding the minimum value 
of a function of conditioned quantities, the least value of IK con¬ 
sistent with equation (123) occurs when the D 's satisfy (123) and 
also fulfill the relations 


<W 

dD a 

dW 

0D b 


+ = 0 

+ dD n u ' 

-I- = 0 

^ dJ\ ' 




and by equation (123) 


A_lil 

K N ’ 


where N is tho number of D ’s in (123) or tho equal number of 
components in the function 0. Consequently equation (123) is 
fulfilled and the condition of minimum expense is approximately 
satisfied when tho components arc so determined that Iho separate 
effects of their probablo errors satisfy tho relation 

= D„ = • • • = D a = D b = • • • = -%■ (127) 


Equation (127) is the mathematical expression of the principle 
of equal effects. It does not always express an exact solution of 
the problem, since A is seldom strictly constant; but it is the 
best approximation that we can adopt for the preliminary com¬ 
putation of tho TVs and 12’ s. Tho results thus obtained will 
usually require somo adjustment among thoinselves before they 
will satisfy both the preliminary considerations and tho primary 
condition (123). We shall see that tho necessary adjustment is 
never very great; and, in fact, that a marked departure from tho 
condition of equal effects is never possible when equation (123) is 
satisfied. 

Combining equations (122) and (127), wc find 


jp — . 1 


E* = -^= 
VW 


J_ 

oo_ 

do a 

J_ 

do_’ 

do b 


Ro 


1 


ft = 

VN <]i ’ 

da 


7 ? - _ 1 _ • 

a/J 


(128) 


lienee, if the final measurements are so executed that tho probablo 
errors of the several components aro equal to tho corresponding 
values given by equations (128), the final result .uq, computed by 
equation (120), will come out with a precision measure equal to 





tilts speemeu iio , ana tuts eumunun ui uqum uuuuos \i*f/ wm uu 
fulfilled. 

In computing the 7?'s by equation (128), Ho is taken equal to 
the given precision measure of Xo and N is placed equal to the 

()0 

number of components in the function 6. Tho derivatives ^ 

etc., arc evaluated with the aid of approximate values of the 
components obtained by a preliminary trial of tho proposed 
methods or by computation, on theoretical grounds, from an 
approximate value of ,To and a knowledge of the conditions under 
which the measurements are to be made. Since only two sig¬ 
nificant figures are required in any of the ii”s, the adopted values 
of the components may be in error by several per cent, without 
affecting tho significance of the results. Moreover, any number 
of components, whose combined effect on any derivative is less 
than five per cent, may be entirely neglected in computing that 
derivative. Consequently the function 0 frequently may be sim¬ 
plified very much for the purpose of computing tho derivatives and 
this simplification may take different forms in the case of differ¬ 
ent derivatives. No more than three significant figures should be 
retained at any step of the process and sometimes the required pre¬ 
cision can be attained with tho approximate formula; of Table VII. 

Since equation (127) is an approximation, the E’s derived from 
equations (128) are to be regarded us provisional limits for the 
corresponding components. If all of them are attainable, i.o., if 
all of the components can be determined within the provisional 
limits, without exceeding the limit of expense set by the prelim¬ 
inary considerations, the solution of tho problem is complete and 
the proposed methods arc suitable for the work in hand. 

78 . Adjusted Effects. — Generally somo of tho 7?'s given by 
(128) will be unattainable in practice while others will be larger 
than a limit that can be easily reached. In other words, it will 
be found that the labor involved in determining somo of the 
components within the provisional limit is prohibitive while 
other components can bo determined with more than the pro¬ 
visional precision without undue labor. In such a case the pro¬ 
visional limits are modified by increasing the E’h corresponding 
to the more difficult determinations nnd decreasing the ft ’s that 
correspond to the more easily determinable components in such a 
way that the combined effects satisfy the condition (123). 



V2v. For, taking t! a tor illustration, 

V~NE, t = i2,>-4r = #>', 

00 

do a 

and consequently 

n' = = Bo. 

do 0 

Hcnco (123) cannot be satisfied unless all of the rest of the D' s 
are negligibly small. For example, if there are nine components, 
VN Is equal to three. Consequently no one of the IS* a can bo 
increased to more than three times tho value given by the condi¬ 
tion of equal effects if (123) is to bo satisfied. When, as is fre¬ 
quently the caso, the number of components is less than nine, or 
when more than one of the M's is to be increased, the limit of 
allowable adjustment is much loss than the above. The extent 
to which any number of fi’s may be increased is also limited 
by the difficulty, or impossibility, of reducing the effects of the 
remaining E’a to tho negligible limit. 

If the probable errors given by equations (128) can be modified, 
to such an extent that the corresponding measurements become 
feasible, without violating the condition (123), the proposed 
methods are suitable for the final determination of a*o. Other¬ 
wise they must bo so modified that they satisfy the conditions of 
tho problem or different methods may bo adopted provisionally 
and tested for availability as above. 

Sometimes it will ho found that the proposed methods are 
capable of greater precision than is demanded by equations (128). 
In such cases the expense of the measurements may bo reduced 
without exceeding the given precision measure of aio by using less 
precise methods. But such methods should never bo finally 
adopted until their feasibility has been tested by tho process out¬ 
lined above. 

A discussion on the foregoing lines not only determines the 
practicability of the proposed methods, but, also serves as a guide 
in determining the relative care with which tho various parts of 
tho work should be carried out. For, if the final result is to eomo 
out with a precision measure 7? 0 , it is obvious that all adjustments 
and measurements must be so executed that each of the com- 


ponenis is uctcrmmcu witmn tuo nmiis set, oy equations 
or by the adjusted E ’s that satisfy (128). 

70 . Negligible Effects. — In the preceding article it was 
pointed out that the availablene.ss of proposed methods of meas¬ 
urement, frequently depends on the possibility of so adjusting the 
E 's given by equations (128) that they are all attainable and 
at the same time satisfy the primary condition (123). Generally 
this cannot be accomplished unless some of the E 's can bo reduced 
in magnitude to such an extent that their effect on the precision 
measure Ho is negligible. 

On account of the meaning of the precision measure, and tho 
fact that it is expressed by only two significant figures, it is obvi¬ 
ous that any D is negligible when its contribution to the value of 

Ho is less than y~. Tims, if U\ is the value of tho right-hand 


member of equation (123), when D a is omitted, D a is negligible 
provided „ 

/?0 - /?! < j *, 


or 


Squaring gives 
and by definition 
Consequently 
and 
or 


0.9 A * 0 < Hi. 

0.81 K 0 a < Ri>, 

W - Hi 2 = Da 2 . 

0.81 Ita 2 < Ho 2 - A, 2 , 
D* < 0.10 H 0 % 
D a < 0.430 Rq. 


Hence, if D a is less than 0.430 7? 0 , it will contribute loss than ten 
per cent of the value of Ho. Since the true error of i'n is ns likely 
to be greater than Ro as it is to be less than Ho, a change of ton 
per cont in the value of Ho can have no practical importance. 
Consequently D a is negligible when it satisfies the above condi¬ 
tion. However, the constant 0.43G is somewhat awkward to 
handle, and if D„ is very nearly equal to the limit 0.436 Ho, tho 
propriety of omitting it is doubtful. Those difficulties may bo 
avoided by adopting the smaller and moro easily calculated limit 
of rejection given by the condition 

D s h Ho. 


(129) 



practical purposes. Since the above reasoning is independent of 
the particular l) chosen, the condition (120J is perfectly general 
and applies to any one of the 1 )'s in equation (123). 

When two or more of the O ’a satisfy (120) independently, any 
one of them may he neglected, but all of them cannot he neg¬ 
lected without further investigation for otherwise the change in 
R 0 might exceed ten per cunt. 'I his would always happen if all 

of the D’s considered were very nearly equal to the limit —■ 

O 

However, by analogy with the above argument, it is obvious fchat 
any q of the D’s arc simultaneously negligible when 


\ / W+l>7 TT. . +/V J Ko, (130) 

where the numerical subscripts 1, 2, . . . , q are used in place 
of the litoral subscripts occurring in equation (123) in order to 
render the condition (130) entirely general. Thus l) x may corre¬ 
spond to any one of the D’s in (123), D 2 to any other one, etc. 
By applying the principle of equal effects, the condition (130) 
may be reduced to the simple form 

»> = D, = . . . = D, 5 i 4- (13D 

3 Vq 

If some of the D’s in (131) can bo easily reduced below the limit 


, the others mav exceed that limit somewhat without violating 

3 vq 

the condition (130). However, equation (131) generally gives the 
best practical limit for the .simultaneous rejection of a number of 
D's, and all departures from it should ho carefully cheeked by (130). 

To illustrate the practical application of the foregoing discussion, 
suppose that the practicability of cortuin proposed methods of 
measurement is to bo tested by the principle of equal effects 
developed in article seventy-seven. Let there bo /V components 
in the function 0, and suppose that q of thorn, represented by 
as, ... , a*, can be easily determined with greater precision 
than is demanded by equations (128), while the measurement 
of the remaining A 7 — q components within the "limits thus set 
would be very difficult. Obviously some adjustment of the E’ s 
given by (128) is desirable in order that the labor involved in the 
various parts of the measurement may bo more evenly balanced. 


I lie greatest possible increase m the s corresponding to tne 
N — q difficult components will be allowable when the J5's of the 
q easy components can be reduced to the negligible limit. To 
determine the necessary limits, Ho is taken ccpial to the given 
precision measure of .r 0 , and the negligible D 's corresponding to 
the q easy components arc determined by equation (131). Then 
by equations (122), the corresponding E’a will be negligible when 
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If these limits nan be attained with ns little difficulty as the pre¬ 
viously determined B ’s of tlie N — q remaining components, the 
corresponding D’h may be omitted from equation (123) during 
the further discussion of precision limits. 

Since q of the D’s havo disappeared, the others may be some¬ 
what increased and still satisfy the primary condition (123). 
The corresponding new limits for the E’n of the difficult components 
may bo obtained from equations (127) and (128) by replacing 
N by N — q. If these new limits together with the negligible 
limits given by equations (132) can all be attained, without 
exceeding the expense set by the preliminary considerations, the 
proposed methods may be considered suitable for the final deter¬ 
mination of .ro with the desired precision. Otherwise now methods 
must be devised and investigated as above. 

Equations (132) may also ho used to determine the extent to 
which mathematical constants should bo carried out during the 
computations. Tor this purpose the components «i, <* 2 , . . . , 
or part of them, represent the mathematical constants appearing 
in the function 0. The corresponding E's, determined by equa¬ 
tions (132), give the allowable limits of rejection in rounding the 
numerical values of the constants for the purpose of simplifying 



circular eymmur ui ivfigwi 

within one-tenth of one per cent, how many figures should be 
retained in the constant 7r? In this enso 


0 (a Q V = iraVj, 

it Q = 0.001 V = 0.001 voVj, 


00 

da 
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= a-b\ q = 1, 
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... fa ^ . -L = = 0.00105. 
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If 7 T is taken equal to 3.142 the error due to rounding is 0.00041 ~. 
Sinco this is less than the nogligihlo limit E„, four significant 
figures in tt are sufficient for tho purpose in hand. 

It sometimes happens that tho total effect of ono or more of the 
components in the function 0, on the computed value of is 
negligible in comparison with fto* This will obviously be tho case 
when 

dQ Ro 
da 0 " ** 3 ’ 


for a single componont a or when 
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o 
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for q compononts. Thus, on the principle of equal offocls, tho 
components a 3 , c &will bo simultanoously negligible 
when they satisfy tho conditions 
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Such eases frequently arise in connection with the components 
that represent correction factors. 


argument, it lias been assumed that the function d in equation (120) 
is expressed in the most general form consistent with the pro¬ 
posed methods of measurement. Such an expression involves the 
explicit representation of all directly measured quantities, and 
all possible correction factors. Part of the latter class of com¬ 
ponents represent departures of the proposed methods from the 
theoretical conditions underlying them, and others depend upon 
inaccuracies in the adjustment of instruments. In practice it 
frequently happens that the general function 0 is very compli¬ 
cated, and consequently that the direct discussion of precision 
as above is a very tedious process. Under these conditions it is 
desirablo to modify the form of tho function in such a manner as 
to facilitate the discussion. 

Sometimes the general function 6 can be broken up into a series 
of independent functions or expressed as a continuous product 
of such functions. Thus, it may bo possible to express 0 in the 
form 

Q ( o,„o b , 

= f\(a i,a a , . . . )=t/ 2 (6,,& 2| . „ . )±/*(Ci,c 2) . . . ) (134) 

zfc . . . ±/» (wil, »*2, . . . ), 

or in the form 

z 0 = 0 (o„, o b , ... ,a,0, ... ) 

= /1 • • • ) x/s (buK • • • ) Xjs(ci,C 2 , . . . ) ■ (135) 

X ... X/n {m i, m 2 , . . . ), 

where the a’s, b’s, . . . , and ads represent the same components, 
o„, o b , ..., a, (3, ... , that appear in 6 by a now and more 
general notation. Tho functions /j, / 2 , . . . , /„ may lake any 
form consistent with the problem in hand, but the precision dis¬ 
cussion will not be much facilitated unless they arc independent 
in the sense that no two of them contain the same or mutually 
dependent variables. .Sometimes the latter condition is imprac¬ 
ticable' and it becomes necessary to include tlm same component 
in two or more of the functions. Under such conditions the expan¬ 
sion has no advantage over tho general expression for Q, unless 
the effect of the errors of each of the common components can 
bo rendered negligible in all but one of the functions. It is 
scarcely necessary to point out that equations (134) and (135) 
represent different problems, and thnt if it were possible to expand 
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Tlicn equation (13‘i) may Ins written in tins form 
a<j — Zi -h *3 :!_ <.3 -h • • . 1 1 . 
ancl (135) may ho put in the form 

.To =* *1 X *2 X 2s X . . . X c„. 

First consider tin; enso in which tin* function representing iho 
proposed methods of measurement has been pul. in Urn form of 
(137). Since the precision measure follows dm same laws of 
propagation as Iho probable error, Dm discussion given in articlo 
fifty-eight loads to the relation 


(137) 

(138) 


/tf-fliH-Ztf-H.V-I- . . . tij, ( 130 ) 

where Ro is the precision measure of .r,„ nml each of the other 7ft 
rcprc 80 nls the precision measure of Iho s with corresponding sub¬ 
script. ITcnce, by the prineiplo of equal ell'cels, provisional 
values of Iho Wa may bo obtained from Iho relation 


Hi = 7^3 = Hi •- . . . : = H h '■ • (mo) 

Tlio R ] s having been determined by (bio), the corresponding 
probable orrors of the «’h, b’ s, etc., may lie eumpuled by iho 
methods of tho preceding articles with the aid of equations (130). 
If the provisional limits of precision llms found are not all attain¬ 
able with approximately equal facility, I lie conditions of iho 
problem may bo hotter satisfied by moderately adjusted relnlivo 
values of tho probable errors as pointed out in articlo seventy- 
eight. Obviously Iho adjusted values must salisfy equation (139) 
if tho value of a*o computed by (137) is to come out with a pro¬ 
vision measure equal to tho given /f 0 . 

When tlio function roprosonilng the proposed methods can bo 
put in tho form of (138) tho compulation is facilitated by intro¬ 
ducing tlio fractional errors 
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/V = fV + /v + /v + . . . + p«\ (142) 

and, by the principle of equal effects, provisional values of the 
P’s aro given by the relation 

P 1 = P 2 = P,= ... = P„=A. (143) 

Since i? 0 and approximate values of the components are given, 
P 0 can be computed with sufficient accuracy with the aid of 
(138) and the first of (141). Consequently provisional fractional 
limits for the components can be determined by (143), and the 
corresponding precision measures by the last n of equations (141). 
Beyond this point the problem is identical with the preceding 
case, except that tho adjusted limits of precision must satisfy 
(142) in place of (139). 

The methods developed in the preceding articles are entirely 
general and applicable to any form of the function Q, but they 
frequently load to complicated computations. In tho present 
article we have seen how the discussion can be simplified when the 
function 6 can be put in eithor of the particular forms represented 
by (134) and (135). Many of the problems met with in practice 
cannot bo put in cither of these special forms, but it frequently 
happens that the treatment of the functions representing them 
can bo simplified by a suitable modification or combination of the 
above gcueral and particular methods. Tho general ideas under¬ 
lying all discussions of tho necessary preoision of components 
have been discussed abovo with sufficient fullness to show their 
naturo and significance. Their application to particular prob¬ 
lems must be left to the ingenuity of tile observer and computer, 

8i. Numerical Example. — As an illustration of the fore¬ 
going methods, suppose that the oleetromotivo force of a battery 
is to bo dclerminod, and that tho precision measure of the rosult 
is required to satisfy the condition 

fio = zfc 0.0012 volts, (i) 

within tho limits ± ~j,i.o., must lie between ± 0.0011 and 

=fc 0.0013 volt. Preliminary considerations demand that tho 
expense of the work shall bo as low as is consistent with tho 
required precision. 



to simplify tlie discussion, suppose that the various parts of the 
apparatus are so well insulated Unit leakage currents need not 
bo considered. The generality of the problem is not appreciably 
affected by the latter assumption since the specified condition 
can be easily satisfied in practice within negligible limits. With 
what precision must tho several components and correction 
factors bo determined in order that equation (i) may bo satisfied? 



Let V ~ c.m.f. of tested battery B\, 

E, = c.m.f. of Clark cell B 2 at timo of observation, 
t = temperature of Clark coll at time of observation, 
fti *= resistance) bctwcon 1 and 2 , 

Ri ~ resistance between 1 and 3, 

I = current in circuit 1, 2, 3, £ 3 , 1 when tho key K is opon, 
Si = algebraic sum of thermo e.m.f.'s in tho oiveuit 1 , 2 , b , 
G, 1 when K is closed to b, 

62 » algebraic sum of thermo e.m.f.'s in tho circuit 1, 3, a, 
G, 1 when K is closed to a, 

E is = o.ni.f. of Clark cell at temperature 15° 0., 
a = moan temperaturo coefficient of Clark coll in the 
neighborhood of 20° C. 


galvanometer O' shows no deflection on closing the key K to 
either a or 6 , 

, _ V + S 1 __ Ej - f- So 
1 ~ ~l'U ~ltl 


Consequently 


lienee 


E t — E\$\l — a{t — 15) |. 


The resistances R x and R 2 are functions of the temperature; but, 
since they represent simultaneous adjustments with the cells B\ 

and B 2 and are composed of the same coils, tin; ratio yp is inde- 

Li-l 

pendent of the temperature. Thus, if /?/ and lit" represent tho 
resistances of the used coils at t° C., and 0 is their temporaturo 
coefficient, 

W _Ri (i + ffl) 

lit" lh( l + fit) it* 

whatever tho temperature i at which the comparison is made. 
This advantage is due to tho particular method of connection and 
adjustment adopted, and is by no means common to all forms of 
the potentiometer method. 

Under the conditions specified above, equation (iv) may bo 
adopted as the complete expression for the discussion of precision. 
It corresponds to equation (120) in the general treatment of the 
problem. Suppose that the following approximate values of tho 
components, which are sufficiently close for the determination of 
the capabilities of the method, have been obtained from tho 
normal constants of the Clark cell and a preliminary adjustment 
of the apparatus or by computation from a known approximate 
value of V: 

E 15 — 1.434 volts; a = 0.00086; 
t = 20° C.; R x = 1000 ohms; (v) 

7?2 = 1310 ohms; V = 1.1 volts. 

The thermoeleetvoinotive forces Si and S 2 are to somo extent 
due to inhomogeneity of the wires used in the construction of 
the instruments and connections. For tho most part, however, 


niaugunin, tlio key A ol brass, and that tlie copper used m the 
galvanometer coil aucl the connecting; wires is thonuocleotrieally 
different. Both fij and 82 would represent the resultant action 
of at least six thermo-elements in scries. While tho.se effects can¬ 
not be accurately specified in advance, their combined action 
would not bo likely to be greater than twonty-fivo microvolts per 
degree difference in tempomluro between the various parts of the 
apparatus, and it might be much less than this. Obviously a t 
ancl 5 2 are botli equal to zero whon the Icmperaturo of the appa¬ 
ratus is uniform throughout. 

By equations (133), article seventy-nine, tho correction terms 
depending on thermoelectric forces will bo negligible in compar¬ 
ison with the given precision moasuro Rq, when <5 1 and 82 satisfy 
tho conditions 
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In tlio presont caso 

Ro = 0.0012 volt; 


d_V 

08 i 


= ' 1 ; 


and 
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= 2 ; 

= | = 0.70 


Consequently tho above conditions boeomo 


r 1 0.0012 
s ' s 3 - -vr 
, 1 0.0012 
fcsa 3'“vr 


—Y = ± 0.00028 volt 3 =fc 2 S 0 microvolts, 

—5 =h 0.000.37 volt 3 d= 370 microvolts. 
0.7G R 


From the above discussion of tho possible magnitude of the thenno- 
oleetromotivo forces in the circuits considered, it is obvious that 
those limits correspond to tomperatuve differences of approxi¬ 
mately ten degrees bctwcon tho various parts of tho apparatus. 
Since the temperature of the apparatus can bo easily maintained 
uniform within fivo degrees, the last two terms in equation (iv) 
are negligible within the limits of precision sot in tho presont 
problem. Henco, for the determination of tlio required precision 
of tho remaining components, the functional rolation (iv) may bo 
taken in the. form 




(vi) 


for determining the necessary precision of the components is 
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where OY 

Dl = J£T 6 

Di " OHx 


H u and ft 2 , respectively. 

Kor the preliminary determination of the K’x by the principle 
of equal effects, equation (127), article seventy-seven, becomes 

lh = D! = lh = D, = D, = -% = = d= 0.00054. (ix) 

VN Vo 

Neglecting all factors that do not affect the differential coefficients 
by more than one unit in the, second significant figure aiul adopt¬ 
ing the approximate values of the components given in (v), 

av. Hi 1000 = , 

lE a Hi 1310 u ' ’ 

— _s — ii IB (; — jo) - — — — o.o, 

Oa iC2 

f —O-OOMM. 

f_= *.£-0.0011, 

Ilenco, by combining (vlii) and (ix), or directly from equations 
(128), article seventy-seven, 
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Ei =i = ± 0.00071 volt, 

Ei=± = ± 0.000098, 

0.0 

0.00054 _ , n o„p 
^-* 07000fil"^ 0 - 07 c * 

aooiT = * °‘ <190im 
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problems, general considerations based on theory ami previous 
experience lead to equally trustworthy results. In Lho first place, 
it is obvious that the temperature of the Chirk cell can bo easily 
determined closer than U°.0 C. Consequently tin: limit (o) is easily 
attainable and might possibly bo reduced to a negligible quantity. 

The constants of tho normal Clark coll are known well within 
tho limits (a) and (!>). Hut it require* very careful treatment ol 
the coll to keep E jg constant within the. limit (a), and new cells, 
unless they are set up with great cure ami skill, arc likely to vary 
among themselves and from tho normal anil by move, than 0.0007 
volt. Consequently tho limit (a) is somewhat smaller than is 
desirable hi practical work of the precision considered in the 
present problem. On tho other hand, the limit (b) is very rarely 
exceeded by either old or now cells unless they are very care¬ 
lessly constructed and handled, lienee I'h could probably bo 
reduced to tho negligible limit. 

With a suitablo galvanometer, the nominal values of the resist¬ 
ances R\ and IU can bo easily adjusted within the limits (d) and 
(c). But #4 and Ih must bo considered practically as the pre¬ 
cision measures of Hi and Hi. They include Hie calibration 
orrors of tho resistances, tho errors due to leakage between tho 
terminals of individual coils, and the errors due to mmuniformity 
of temperature as well as tho errors of setting of the contacts 2 
and 3, Fig. 10. Tho resultant of those errors etui be reduced 
below tlw limits (d) and (e), but in the present ease it would ho 
convenient to have somewhat larger limits in order to reduco tlio 
expense of construction nnd calibration. 

Hence, while all of the E’h givon by equations (xi) tiro within 
attainable limits, tho preliminary consideration of minimum 
exponso would bo moro likely to bn fulfilled if tlio limits (a), 
(cl), and (o) woro somewhat larger. Obviously tho magnitude of 
theso limits can bo increased without violating tlio primary con¬ 
dition (vii) provided a corresponding decrease in tho magnitudes 
of tho limits (b) and (c) is possible. 

By equation (131), article sovonly-nine, the separate effects Dz 
and Da will bo simultaneously negligible if 
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Since these limits uan bo reached with much gveater ease than the 
limits (a), (d), and (c), they may be adopted as final specifica¬ 
tions and the corresponding O ’s may be omitted during the deter¬ 
mination of new limits for the components £\ 6 , R if and R- j. 

Under these conditions, equation (\.\) becomes 


D| - ;>,-/>■ 


—= ± 0.00069. 
V3 


Hence the largest allowable limits for the errors of E\s, 

7?2 aro o oonno 

E l = ± = ± 0-00091 volt, 

a - ± S =±a83ol,m - 


R\, and 
(a') 

on 

(o') 


While these limits cannot be quite so easily attained as (V) and 
(c'), they cannot be increased without violating the primary con¬ 
dition (vii). Consequently they satisfy the condition of minimum 
expense, so far as the proposed method is concerned, anti may be 
adopted as final specifications. 

The fractional errors corresponding to the specified precision 
measure of V and the above limiting errors of the components 

arc Rn 

Po = y= ± 0.0011 - ± 0 . 11 %, 

/ J i = yr~ = ± 0.00003 = ± 0.063%, 

A16 

p 2 = !b = ± 0.059 « ± 5.9%, 

a 

Hs = ~ = ±0.015 = ± 1.5%, 

Pa = -■ = ± O.OUOC3 = ± 0.003%, 

n i 

Pi - 4 8 = ± 0.00063 = ± 0.003%. 

its 
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within 5.9 per cent, t within 1.5 per cent, aud /?is, fti, and R 2 , each 
withiu 0.063 per cent. These limits aro all attainable in practice 
under suitable conditions, as pointed out above. Hence the pro¬ 
posed method is practicable. 

If the final measurements are so devised and executed that the 
above conditions arc fulfilled, the precision of the result computed 
from them will bo within the specified limits and the oxpenso of 
the work will be reduced to the lowest limit compatible with the 
proposed method. The desired result might be obtained at less 
expense by some other method, but a decision on this point can 
be reached only by comparing the precision requirements and 
practicability of various methods with the aid of analyses similar 
to the above. 


CHAPTER XII. 

BEST MAGNITUDES FOR COMPONENTS. 


82 . Statement of the Problem. — The precision of a derived 
quantity depends on the relative magnitudes and precision of the. 
components from which it is computed, as explained in Chapter 
VIII. Thus, if the derived quantity *0 is given in terms of the 
components x h x it . . . , x q by the expression 

xo = F(xi,x 2) .... . 1 ^), ( 144 ) 

the probable error of .r 0 is given by the expression 

£«* = 6V£V + AVAV+ • • ■ +A7A7, (145) 


where the IT's represent the probable errors of the x’a with corre¬ 
sponding subscripts, and 


S 1 


OF c OF . <3 - OF 

dxi‘ ^ 2 &t 2 ' ‘ ‘ • ’ ^ " Ox, 


(146) 


The error E, corresponding to any directly measured com¬ 
ponent, is generally, but not always, independent of the absolute 
magnitude of that component so long as the measurements aro 
made by the same method and apparatus. For example: the 
probable error of a single measurement with a micrometer caliper, 
graduated to 0.01 millimeter, is approximately equal to 0.004 
millimeter, whatever the magnitude of the object measured so 
long as it is within the rnngc of the instrument. Hence, when 
the methods and instruments to be used in measuring each of 
the components arc known in advance, the probablo errors E\, 
E 2 , etc., can be determined, at least approximately, by preliminary 
measurements on quantities of the same kind as the components 
but of any convenient magnitude. Under these conditions the 
£?'s on the right-hand side of equation (145) may bo treated as 
known constants, and, since the .S’s are expressible in terms of 
*i, Xi, etc., by equations (140), the value of E 0 corresponding to 
the given methods cannot be changed without a simultaneous 
change in the relative or absolute magnitudes of tho components. 
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change in tlio magnitudes ot tho vs is not always possible. But 
it frequently happens that the form of the function F is such that 
the relative magnitudes of the components can be changed through 
somewhat wide limits and still satisfy equation (144). Thus, if 
a cylinder is to have a.specified volume, it may bo made long and 
thin, or short and thick, and have tho same volume in cither case. 
Consequently it is sometimes possible to select magnitudes for 
tho components that will give a minimum value of E 0 and at the 
same time satisfy equation (144). 

The problem before us may bo briefly stated ns follows: Having 
given definite methods and apparatus for tho measurement of tho 
components of a derived quantity .t 0 , what magnitudes of the 
components will give a minimum value to tho probable error Eq of 
£o and at the same time satisfy tiie functional relation (144)? 

It can be easily seen that a practical solution of this problem 
is not always possible. In tho first place tho form of the function 
F.inay be such as to admit of but a single system of magnitudes 
of tho components, and consequently the value of Eq is definitely 
fixed by equation (145). In some eases there aro no real values 
of tho s’s that will satisfy both (144) and tiie conditions for a 
minimum of Eq. When values can be found that satisfy tho 
mathematical conditions they are not always attainable in prac¬ 
tice. Finally the probable errors E n etc., may not bo inde¬ 

pendent of the magnitudes of the corresponding components or 
it may be impossible to determine them in advance of tho final 
measurements. 

When the E 's arc not independent of the x’s it somotimes 
happons that the fractional errors 


P i- 


E\ _ 



P.« 


Xg 


(147) 


aro constant and determinable in advance. In such cases tho 
problem may be solvable by putting (145) in tho equivalent form 

E 0 2 = S t *PW + (148) 


expressing the S’s in terms of the components by equations (14G), 
and determining the values of the ir's that will rendor (148) a 
minimum subject to the condition (144). 



obvious that tho results thus obtaiued are the best magnitudes 
that can be assigned to the components, find that they should 
be adopted as nearly as possible in carrying out tho final measure¬ 
ments from which ;to is to bo computed. 

83 . General Solutions. — The general conditions for a mini¬ 
mum or a maximum value of E 0 2 , when .to is treated as a constant 
and the variables are required to satisfy the relation (141), but 
are otherwise independent, are 


0.C1 dXi 
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dE 0 2 
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-2/cf- = o, 

dx z 


0) 


- 2 K.f- = 0 , 


OXa 


dx„ 


Where K is an arbitrary constant. By introducing the expressions 
(145) and (14G), transposing and dividing by two, equations (i) 
become 


Si El? + Si ~ Ei + • • • + S^Ef = KS h 

dx\ dxi Oxi 

S,?£e? + S 1 ^ES + ■ ■ ■ +S t ^*l!,' = KS,, 

u.ts Ox^ c)x% 


(149) 


OXq 


+ S,^ E,> = US, 
0.1$ 


When the S ’s have been replaced by x’s with the aid of equa¬ 
tions (14G), tlic q equations (HO), together witli’(144), are theoreti¬ 
cally sufficient for the determination of nil of the q -f -1 unknown 
quantities £ 1 , .r 2 , . . . , x Q , nnd K. However, in some cases a 
practicablo solution is not possible, and in others tho components 
or their ratios come out as the roots of equations of the second 
or highor degree. The zero, infinite, and imaginary roots of these 
equations have no practical significance in the present discussion 
and need not be considered. Some of the real roots correspond to 
a maximum, some to a minimum, and others to neither a maximum 
nor a minimum value of Eo 2 . In most eases the roots that corre¬ 
spond to a minimum of 7 ? 0 2 can be selected by inspection with the 
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Dividing equation (115) by .r u - and putting 
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gives the egression 

P 0 2 = = 77T?, 2 + 7VAV + 


7 - =_-*?? = I 

•To Xo OXq 
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+ 7V7?, 2 1 (151) 


for the fractional error of x 0 . Since .r 0 is a constant in any given 
problem the maxima and minima of /V correspond to the same 
values of the components as those of f'V- Sometimes the form 
of the function F is such that the expression (151), when expanded 
in terms of the re’s, is much simpler than (ldo). Tn such cases it 
is much easier to determine the minima of 7V than of Ea*. For 
this purpose the equations of condition (i) may be put in the form 
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and by substitution and transposition \vc luivo 
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When llio components arc required to satisfy the condition (144) 
and a given constant value is assigned to .r 0 , equations (153) lead 
to exactly the same results as equations (149). In fact cither of 
these sets of equations can Ido derived from the other by' purely 
algebraic methods when the £’s and 7”s arc expressed in terms of 
the s’s. In practice one or the other of the sets will be the simpler, 
depending on the form of the function F; and the simpler form 
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algebraic transformation. 

In some problems the magnitude of one or more of the com¬ 
ponents in the function F can be varied at will and determined 
with such precision that their probable errors are negligible in 
comparison with those of tiic other components. Variables that 
fulfill these conditions will be called free components. Since any 
convenient magnitude can be assigned to them, their values can 
always be so chosen that the condition (144) will be fulfilled 
whatever the values of the other components. Consequently the 
latter components may be treated as independent variables in 
determining the minima of Ef- or P<f. 

Under these conditions the A’s corresponding to the free com¬ 
ponents e.an be placed equal to zero, and cither AV or /V can 
sometimes be expressed ns a function of independent variables 
only by eliminating the free components from tiro S's or the 7”s 
with the aid of equation (144). When this elimination can be 
effected, the minimum conditions may be derived from equations 
(140) or (153), as the case may be, by planing A" equal to zero and 
omitting the equations involving derivatives with respect to the 
free components. This is evident because the remaining com¬ 
ponents are entirely independent, and consequently the partial 
derivatives of E<? or /V with respect to each of them must vanish 
when the values of the variables correspond to the maxima or 
minima of these functions. When the elimination cannot be 
accomplished, neither equations (149) nor (153) will lead to con¬ 
sistent results and the problem is generally insolvable. 

In practice it frequently happens that the free components are 
factors of the function F, mid arc not included in any other way. 
Under these conditions they do not occur in the Ta corresponding 
to the remaining components, since the form of equations (150) 
is such that they are automatically eliminated. Consequently, 
in this case, the conditions for a minimum arc given at once by 
equations (153) whim K is taken equal to zero, since the derivatives 
with respect to the free components all vanish and the correspond¬ 
ing E‘s are negligible. It is scarcely necessary to point out that 
the remarks in the paragraph following equations (149), except 
for obvious changes in notation, apply with equal rigor to equa¬ 
tions (153), whether K is 'zero or finite. The values of the .-r’s 
derived from these equations should never be assumed to corre¬ 
spond to the minima of /V without further investigation. 



is given in the form 

x 0 = ax i”' + bxj** 4- exa**, (ii) 

whore a, b , c, .and the n’s nro constants. If the probable arrow 
E\, Ei, and l‘h of the x’s with corresponding subscripts arc known, 
and independent of tho nmgnitudo of the components, wlmt mag¬ 
nitudes of tho components will give the least possible valuo to tho 
probable error Eq of Xq? 

By equations (PHj), 

S 2 = bn 2 X2 (ni ~ l) ] S-j = cn 3 X3 ( " J ~ ,) . (iii) 


Consequently 


dS\ , ... (n _ 2 , diS ’ 3 


= 0 : 


OS 


^ r bn 2 (n^l)x^; ^ = 0, 


dSi 
5X 2 

“i = 0 os,^ ?ii = c „ a («, 

5x 3 dx 3 ’ dx 3 


5Sa 


1) X3 (,1 >~ 2) . 


Substituting these results in equations (149) and dividing tho 
first equation by S i, tho second by S 2 , and the third by S 3 , tho 
conditions for a minimum valuo of 7iV boeomo 

E?nn x (n! - l)xi (n '- 21 = K, 
E 3 *bm(n i -\)xJ n *-' i) = I<, 

E 3 2 cna (rta - I) X S {,1> ~ 2) = K. 

Dividing the second and third of theso equations by the first 
and transposing the cocfilcicnts to the second member gives tho 
ratios of the components in tho form 



1C Path {n\ 

-1) 

Xi tR| “ 21 

12£bm ()i 2 

~1)’ 

X3 (,, *“ 2) 

Ei 2 a?ii (n t 

-I) 

xd"*" 2 ) “ 

7?3 2 C«3 («3 

-1) 


Theso two equations together with (ii) aro theoretically sufficient 
for the determination of the best magnitudes for tho thveo com¬ 
ponents an, x 2 , and x 3 ; but it can bo easily seen, from tho form of 
tho equations, that a solution is not practicable for all possiblo 
values of the n’s. 
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components given by (iv) are both indeterminate, each being 

equal to -• Consequently the problem lias no solution in this 

case. This conclusion might have been reached at onco by 
inspecting the value of E? given by equation (145), when the S’s 
arc expressed in terms of the components. Thus, placing the n’s 
equal to unity in equations (iii) and substituting the results in 
(145), wo find 

E? - a*E? + WE-? -b WE?. 

Since E? is independent of tho x’s it can have no maxima or 
minima with respect to the components. 

When each of the n’s equals two, equations (iv) arc inde¬ 
pendent of the z’s, and consequently the problem is not solvable. 
In this case (ii) becomes 

a - o = ax i 2 4- bx? 4- ex?, 
and (145) reduces to 

E? *= 4 a WE? + 4 Wx?R? + 4 Wx?E?. 


Since tiicsc equations differ only in the values of the constant 
coefficients of the re’s, no magnitudes can be assigned to the com- 
poneuts that will give a minimum value to E?, and at tho same 
time satisfy tho equation for % 

If each of the n’s is placed equal to three, equation (ii) takes 
the form 

.To = ax? 4 bx? -b ex?, (v) 


and equations (iv) bccomo 

x-i _aE? 

x[ ~bEy 

_ aEi 2 
X\ cE? 


(iv') 


In this ease the problem can bo easily solved when tho numerical 
values of tho coefficients and the IE s are known As a very 
simple illustration, suppose that 

a — b = c = I, and E\ — 7? 2 = Ez = E, 
then, by (iv') and (v), 

r»i'- x* = x 3 = » 

and, by (145) and (iii), 

E? = 9 (ai 4 -b x? -b x?) # 2 . 



equation (v), and since the fourth power of a quantity varies 
more rapidly than the third, it is obvious that the minimum 
value of E o 2 will occur when the a’a arc all equal. Consequently 
the above solution corresponds to a minimum of E£. 

It can bo easily seen that Micro are many other oases in which 
equations (ii) and (iv) can be solved, and also somo others in 
which no solution is possible. The extension of the problem to 
functions in the same form as equation (ii), but containing any 
number of similar terms, involves only tho addition of one equa¬ 
tion in the form of (iv) for each added component. Obviously 
these equations hold for nogativo as well as positive values of tho 
coefficients and exponents of tho x’h. 

As a second oxample, consider tho functional relation 

Xo = axi Jl > X tts"*. (vi) 


In this enso the solution is moro easily effected by the second 
method given in tho preceding article. J3y equations (150) 


Consequently 


<]T_i _ 2L!. 

dx { an 8 ’ dx\ ' 

O'E i _ 0^2 _ _ ih 

dx-i ’ 0 X 2 0 ) 2 2 ’ 


(vh) 


and equations (153) reduce to tho simple form 


a± 

Xp 




-A; 


n g 
x 2 z 


ES = - K, 


(viii) 


where 1 C I and E 2 are the known constant probable orrors of X\ and 
x 2 . Eliminating A, wo have 

ijtf _ na t E^ 

Xi* ~ ih AV 


Consoquontly tho probloin is always solvable whon wi and 722 
have the same sign. When they have different signs tho solu¬ 
tion is imaginary. Honco there nro no best magnitudes for tho 
components whon tho derived quantity is givon as tho ratio of 
two measured quantities. 
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ber of factors is obvious. When the exponents of all of the 
factors have the same sign the problem is always solvable but 
the best magnitudes thus found may not be attainable in practice. 
If part of the exponents arc positive and others arc negative the 
solution is imaginary, 

85 . Practical Examples. 

I. 

In many experiments the desired result depends directly upon 
the determination of the quantity of heat generated by an electric 
current in passing through a resistance coil. Let 7 represent the 
current intensity and E the fall of potential between tho terminals 
of the coil. Then the quantity of heat II developed in l seconds 
may be computed by tho relation 

,77/ = IEt, 

where J represents the mechanical equivalent of heat. If II is 
measured in calories, I in amperes, E in volts, and l in seconds, 

j is equal to 0.239 calorie per Joule and the above relation becomes 

II = 0.239 * I EL (ix) 

Suppose that tlm conditions of the problem in hand are such 
that II should be made approximately equal to 1000 calories. 
Since the resistance of the heating coil is not specified it can be so 
chosen that 7 and E may have any convenient values that satisfy 
tho relation (ix) when II has the above value. Obviously I can 
bo varied at will, by changing the time of run, and (ix) will not 
1)0 violated if suitable values are assigned to I and E. If tho 
instruments available for measuring 7, E, and t are an ammeter 
graduated to tenths of an ampere, a voltmeter graduated to 
tenths of a volt, and a common watch with a seconds hand, what 
are the best magnitudes that can be assigned to the components, 
i.o., what magnitudes of 7, E, and t will give the computed II 
with the least probable? error? 

By comparing equations (ix) and (vi), it is easy to see that 
the present problem is an application of the second special caso 
worked out in tho preceding article when a third variable factor 
Xi n * is annexed to (vi). H corresponds*to xo, I to x it E to .t 2 , l to 
Xz, and all of the n’s in (vi) are equal to unity. Consequently 


errors of tho components. 

With tlio available instruments, the probable errors E t , E c> and 
E t of 7, E, and t, respectively, will be pmctieally independent of 
the magnitude of the measured quantities so long ns the range 
of the instruments is not exceeded. Under the conditions that 
usually prevail in such observations the following precision may 
be attained with reasonable care: 

Ei « 0.05 ampere; E c ** 0.05 volt; E t - 1 second. 


Tho conditions for a liiinimum value of the probnblo error E 0 
of II can be derived by exactly tho same method that was used 
in obtaining equations (viii), or these equations may be used at 
onco with proper substitutions as outlined above. Consequently 
the best magnitudes for the components aro given by the simul¬ 
taneous solution of (ix) and tho following three equations, 


E£ 

I 2 





Et 


\ 2 


Eliminating K and substituting tho numerical values of tho 
probable errors wo have 


Consequently 


E _ En __ 

E ~ I and 


L - Ei = 20 

1 Ei l[) ' 


l = 20*7. 


(*) 


Substituting tlioso results and tho numerical value of II in (ix) 
wo have 

1000 » 0.239 X 20 X 1\ 

and hence 


7 = 5.94 nmporcs 


is the best magnitude to assign to llio current strength undor tho 
given conditions. Tho corresponding magnitudes for the electro¬ 
motive forco and time found by (x) aro 

E - 5.94 volts and l =* 119 seconds. 


If the abovo values of tho components and thoir probnblo errors 
aro substituted in equation (151), the fractional error of 11 comes 
out 


Po 2 - 



* 212 X 10“^ 



Eo = 1000 Po = =fc 15 calorics. 

If any other magnitudes for the components, that satisfy equa¬ 
tion (ix), are used in place of the above in (151), the computed 
value of Eo will be greater than fifteen calorics. Consequently 
the above solution corresponds to a minimum value of Eo. 

In order to fulfill the above conditions the resistanco of the 
heating coil must be so chosen as to satisfy the relation 



Since our solution calls for numerically equal values of I and E , 
the resistance R must be made equal to one ohm. 

It can be easily soon that small variations in the values of tho 
components will produce no appreciable effect on tho probable 
error of II, since the numerical value of Eo is never expressed by 
more than two significant figures. Consequently the foregoing 
discussion leads to the following practical suggestions regarding 
the conduct of the experiment. Tho heating coil should be so 
constructed that the heat developed in the leads is negligible in 
comparison with that developed between the terminals of the 
voltmeter. The resistance of the coil should bn one ohm. The 
current strength should be adjusted to approximately six amperes 
and allowed to flow continuously for about two minutes. Under 
these conditions the difference in potontial between the terminals 
of the coil will bo about six volts. The conditions under which 
I, E, and t are observed should be so chosen that the probable 
errors specified above are not exceeded. 

If the above suggestions arc carried out in practice the valuo 
of II computed from the observed values of 1, E, and t by equa¬ 
tion (ix) will be -approximately 1000 calories, and its probable 
error will be about fifteen calorics. A more precise result than 
this cannot be obtained with the given instruments unless the 
probable errors of I, E, and t can be materially decreased by 
modifying the conditions and methods of observation. 

II. 

A partial discussion of the problem of finding the best magni¬ 
tudes for the components involved in the measurement of the 
strength of an electric current with a tangent galvanometer may 


computer! current strength due to a given error in the observed 
deduction. On the assumption, tacit or expressed, that the effects 
of the errors of all other components are negligible it is proved 
that the effect of the deflection error is a minimum when the 
deflection is about forty-five degrees. Although thu tangent gal¬ 
vanometer is now seldom used in practice it provides an instructive 
example in the calculation of best magnitudes since the general 
bearings of the problem are already fntniliar to most students. 

In order to avoid unnecessary complications, consider a simple 
form of instrument with a compass needle whose position is 
observed directly on a circle graduated in degrees. Suppose that 
the needle is pivoted at the center of a single coil of /V turns of 
wire, and R centimeters mean radius. Under these conditions the 
current strength 1 is connected with the observed deflection 0 by 
the relation 

/ = 2rf ta ’*' 

where 11 is the horizontal intensity of a uniform external mngnetio 
field parallel to the piano of the coil. In practice tho plane of tho 
coil is usually placed pavnllcl to the magnetic meridian and 11 
is taken equal to the horizontal component of the earth's mag¬ 
netism. 

is an observed component but it can be so precisely deter¬ 
mined by direct counting, during the construction of tho coil, 
that its error may be considered negligible in comparison with 
those of the other components. Furthermore it can be given any 
desired value when an instrument is designed to meat special 
needs, and a choice among a number of different values is possi¬ 
ble in most completed instruments. Consequently tho quantity 

may be treated ns a free component, represented by A, and 

tho expression for tho current strength may be written in tho 

form I = AH R> tan*. (xi) 

Comparing this expression with tho general equation (Mi) we 
note that 1 corresponds to .r 0 , 11 to xi, R to and 0 to x 3 , 

Since A is free, the components H, R, and 0 are entirely inde¬ 
pendent; and any convenient magnitudes can bo made to satisfy 



sequeutly, as pointed out in article eighty-three with respect to 
functions containing a free component ns a factor, the conditions 
for a minimum probable error of 1 arc given by equations (153) 
with K placed equal to zero. By making the above substitutions 
for the s'a in equations (150) and performing the differentiations 
wo have 


T 


i 


Consequently 


1 

TV 


IV 


T. 


2 

sin 20 


(xii) 


#£* {) oi 

oh ip ’ dll ’ dll ’ 

OTi _ n _ _ J_ . Ojj_n 

dll' ’ dli It 2 ’ dlt ’ 

dTi _ _ dTz _ dl\ _ 4 co s 2 0 

50 ’ 50 ’ 50 sin 2 2 0 


and, if the probable errors of 11, R, and 0 are represented by E i, 
Ei, and Ea, respectively, equations (153) become 


EC 

IP 


= 0 : 



8 E$ 


co s 2 0 _ . 
sin 3 2 0 “ U 


(xiii) 


If Ei and Ei could be made negligible, as is tacitly assumed in 
most discussions of the present problem, the first two of equations 
(xiii) would be satisfied whatever the values of II and R. Conse¬ 
quently these components would lie free and 0 would lie the only 
independent variable involved in equation (xi). Under these 
conditions the minimum value of the probable error of I corre¬ 
sponds to the value of 0 derived from the third of equations (xiii). 
The general solution of this equation is 


0 -( 2 n-l)J 


where n represents any integer. But, since values of 0 greater 

than ~ are not attainable in practice, n must be taken equal to 

unity in the present case and consequently the best magnitude 
for the deflection is forty-five degrees. It is obvious that (xi) 
can always be satisfied when 7 has any given value, and 0 is 
equal to forty-five degrees by suitably choosing the values of the 
free components N, II, ami R. 


whore 


- IV + /V + 


Pi- 


Ei. 

//’ 


Px 


It' 


mid 


Pa = 


2E 3 
sin 2 0 


arc the separate effects of the probable errors E h E 2 , and E 3l 
respectively. If both ends of the needle arc read with direct and 
reversed current so that 0 represents the mean of four observa¬ 
tions, E 3 should not exceed 0°.025 or 0.00044 radians, and it might 
be made loss than this with sufficient care. Consequently, when 
0 is equal to forty-five degrees, 

P 3 = 0.00088. 


By an argument similar to that given in article seventy-nine it can 
be proved that P 1 and l\ will lie simultaneously negligible when 
they satisfy the condition 

Pi — P 2 s ~~7= ^ 0.00021. 

3 V2 

Hence, in order that the effects of E\ and E 3 may be negligible in 
comparison with that of IH 3 , U and It must be determined within 
about two one-hundredths of one per cent. 

With an instrument of the type considered it would seldom be 
possible and never worth while to determine U and It with the 
precision necessary to fulfill the above condition. In common 
practice E\ and /? 2 are generally far above the negligible limit 
and it would be necessary to make both II and It equal to infinity 
'in order to satisfy the first two of the minimum conditions (xiii). 
Hence there is no practically attainable minimum value of l\. 
This conclusion can also be derived directly by inspection of 
equation (xiv). Po 2 decreases uniformly as II and It arc increased, 
and becomes equal to P 3 2 when they reach infinity. 

Although a minimum value of Po is not attainable, tho fore¬ 
going discussion leads to somo practical suggestions regarding 
the design and use of the tangent galvanometer. For any given 
values of Ei, E 3 , and Es, the minimum value of P 3 occurs when 0 
is equal to forty-five degrees. Also P\ and P 2 decrease as II and 
ft increase. Consequently the directive force II and the radius 



conditions under which me instrument is to ue used, imu tiro 
number of turns N in the coil should lie so chosen that the observed 
deflection will be about forty-five degrees. 

The practical limit to the magnitude of R is generally set by a 
consideration of the cost and convenient size of the instrument. 
Moreover when R is increased N must be increased in like ratio 
in order to satisfy the fundamental relation (xi) without altering 
the observed deflection or decreasing the value of H. There 
is an indefinite limit beyond which jV cannot he increased with¬ 
out introducing the chance of error in counting and greatly in¬ 
creasing the difficulty of determining the exact magnitude of R. 
Above this limit Ei is approximately proportional to R, and, as 
can bo easily seen by equation (xiv), there is no advantage to 
be gained by a further increase in the magnitude of R. 

II can be varied by suitably placed permanent magnets, but 
it is difficult to maintain strong magnetic fields uniform and con¬ 
stant within the required limits, liven under the most favorable 
conditions, the exact determination of U is very tedious and 
involves relatively large errors. Consequently Pi 2 is likely to be 
the largest of the three terms on the right-hand side of equation 
(xiv). Under suitable conditions it can bo reduced in magnitude 
by increasing II to tbe limit at which the value of E\ begins to 
increase. However, such a procedure involves an increased value 
of N in order to satisfy equation (xi), and consequently it may 
cause an increase in 2? 2 owing to the relation between N and It 
pointed out in the preceding paragraph. Tn such a case the gain 
in precision duo to a decreased value of Pi would be nearly bal¬ 
anced by an increased value of Pa. 

In common practice the instrument is so adjusted that H is 
equal to the horizontal component of tins earth’s magnetic field 
at the time and place of observation. Unless II is very carefully 
determined at the exact location of the instrument, E\ is likely 

to bo as large as 0.005 , and, since the order of magnitude 

cue 

of II is about 0.2 P\ will be approximately equal to 0.025. 
cm 

Hence both P 2 and P 3 will be negligible in comparison with P\ if 
they satisfy the relation 

P . i = = 0.0059. 



Pq “■ Pi = 2.5 per cent, 

and it would be useless to attempt an improvement in precision 
by adjusting the values of N, R, and 0 . With sufficient care in 
determining II, Pi can be reduced to such an extent that it be¬ 
comes worth while to carry out the suggestions regarding the 
design and use of the instrument given by the foregoing theory. 
But when the value of H is assumed from measurements made in 
a neighboring location or is taken from tables or charts the per¬ 
centage error of 1 will be nearly equal to that of II regardless of 
the adopted values of R ami 0 . Under such conditions Po can¬ 
not be exactly determined but it will seldom be less than two or 
three per cent of the measured magnitude of I. 

The above problem has boon discussed somewhat in detail in 
order to illustrate the inconsistent results that are likely to be 
obtained in determining best magnitudes when the effects of the 
errors of some of the components are neglected. It is never 
safe to assume that the error of a component is negligible until 
its effect has been compared with that of the errors of the other 
components. 

III. 

Figure eleven is a diagram of the apparatus and connections 
commonly used in determining the internal resistance of a bat¬ 
tery by tho condenser method. G is a ballistic galvanometer, 
C a condenser, R a known resistance, Ki a charge and discharge 
key, Ki a plug or mercury key, and B a battery to be tested. 

Let X\ represent the ballistic throw of the galvanometer when 
the condenser is charged and discharged with the key Ki open, 
and Xi the corresponding throw when Ki is closed. Then the. 
internal resistance Rq of tho battery may bo computed by tho 
relation 

ft, = It (XV) 
Xi 

Under ordinary conditions the prolmblo errors of X\ and x% 
cannot be made much less than one-half of one per cent of the 
observed throws when a telesoope, mirror, and scale are used. On 
the other hand the probable error of R should not exceed one-tenth 
of ono per cent if a suitably calibrated resistance is used and the 


filled, it can lie easily proved that the effect of the error of U is 
negligible in comparison with that of tiio errors of Xi and x 2 . 
Furthermore any convenient value can be assigned to It, such 



13 

Fio. 11. 


that (xv) will be satisfied whatever the values of Xi and x 2 . Con¬ 
sequently R may be treated as a free component and the throws 
xi and x 2 as independent variables. 

For the purpose of determining the magnitudes of the com¬ 
ponents R, xi, and x 2 that correspond to a minimum value of the 
fractional error Po of Ro, we have by equations (150) and (xv) 


r, 

Consequently 


_1_ 

Xi — X-p 


T 2 = 


_ Xi ___ 

Xi (X t — Xi) 


(xvi) 


dTi = _ 1 . dTt = 1 

dx i (xi — x 2 ) 2 ’ dXi (Xj — x 2 ) 2 ’ 

d7j _1_ (YTi _ x? — 2.ti% 2 

dxz (x\ — x 2 ) 2 ’ dx 2 xi* (x, — x 2 ) 2 
Since Xi and x 2 arc independent, K must be taken equal to zero 
in the minimum conditions (153). Hence, dividing the first two 
equations by T\, we have 


= 0 ’ 

1 77i r, Xi Xi 2 — 2 XiX 2 7 /t A 

7 -r 5 ft i 2 -- —7 -r 0 fti* = 0 , 

(x'i - x-i ) 2 Xi Xr (.i'i - X 2 )- 


where E 1 and Ei arc the probable errors of xi and x 2 , rcsiieclively. 



Bume the simple form 


Xj* 

Xz 3 


2 


xi 

X2 Ef 

.Ta a 


= 0, 

- 0. 


(a) 

(b) 


Since E i 2 and arc always positive, it is obvious that there 
arc no values of aq ancl that will satisfy both of these equations 
at the same time. Hence, when X\ and xa can be varied inde¬ 
pendently, they cannot be so chosen that the fractional error P 0 
will be a minimum. However, if ;i'a is kept constant at any as¬ 
signed value, 1\ will pass through a minimum when x t satisfies 
equation (a). On the other hand if any constant value is assigned 
to X\ the minima and maxima of 1\ will correspond to the roots 
of equation (b). 

In practice Xi is the throw of the galvanometer needle due to 
the electromotive force of the battery when on open circuit; and 
it is very nearly constant, during a scries of observations, when 
suitable precautions arc taken to avoid the effects of polariza¬ 
tion. Both £1 and .t* can be varied by changing the capacity 
of the condenser or the sensitiveness of the galvanometer, but 
their ratio depends only on the ratio of R Q to It. Consequently, 
if any convenient magnitude is assigned to ai, the root of equa¬ 
tion (b) that corresponds to a minimum value of Pq gives the? 
best magnitude for the component xa. 

Since X\ and x ’2 am similar quantities, determined with the same 
instruments and under the same conditions, E\ is generally equal 


to E 2 . Hence, if we replace the ratio — by y, equation (b) be- 

Xa 

comes , f , . , . .... 

y 3 - 2 y* - 1 = 0. (bO 

The only real root of this equation is 

y = 2.208G. 

By equations (151) and (xvi) 


p!= w , si >es 

° (3j - x 3 2 (xi - Xa) 3 ' 

E\ = Ez — E and — = y, 

'V„ u 1 


Putting 


-4 


p 2 

Under this condition it can be easily proved by trial that —• 

h 1 

approaches a minimum as y approaches the value given above, 
provided any constant value is assigned to an. 

Equation (xv) may be put in the form 
Ro = R(y - 1), 

and, by introducing the value of y given by the minimum condi¬ 
tion (I/), we have 

It = 0.83 i? 0 . 

Consequently the greatest attainable precision iu the determina¬ 
tion of i?o will be obtained when R is made equal to about eighty 
three per cent of /? 0 . If R is adjusted to this value x x and x* will 
satisfy equation (b), whatever the magnitude of the capacity used, 
provided the observations arc so made that and Z? 2 are equal. 

When the internal resistance of the battery is very low it is 
sometimes impracticable to fulfill the above theoretical conditions 
because the errors due to polarization are likely to more thau off¬ 
set the gain in precision corresponding to the theoretically best 
magnitudes of the components. In such oases a high degree of 
precision is not attainable, but it is generally advisable to make R 
considerably larger than Rq in order to reduce polarization errors. 

86. Sensitiveness of Methods and Instruments. — The pre¬ 
cision attainable in the determination of directly measured com¬ 
ponents depends very largely on the sensitiveness of indicating 
instruments and on the methods of adjustment and observation. 
The design and construction of an instrument fixes its intrinsic 
sensitiveness; hut its effective sensitiveness, when used ns an indi¬ 
cating device, depends on the circumstances under which it is used 
and is frequently a function of the magnitudes of measured quan¬ 
tities and other determining factors. Thus; the intrinsic sensi¬ 
tiveness of a galvanometer is determined by the number of 
windings in the coils, the moment of the directive couple, and 
various other factors that enter into its design and construction. 
On the other hand its effective sensitiveness as an indicator in a 
Wheatstone Bridge is a function of the resistances in the various 
arms of the bridge and the electromotive force of the battery 
used. An increase in the intrinsic sensitiveness of au instrument 
may cause an increase or a decrease in its effective sensitiveness, 



design and tile circumsi.nm.rs unuor which me instrument. is 
used. 

By h suitable choice of the magnitudes of observed components 
and other determining factors it is sometimes possible to increase 
the effective sensitiveness of indicating instruments and hence 
also the precision of the measurements. On the other hand, 
ns pointed out in Chapter XI, the precision of measurements 
should not be greater tlum that demanded by the use to which 
they arc to be put. In all cases the effective sensitiveness of 
instruments and methods should be adjusted to give a result 
definitely within the required precision limits determined as in 
Chapter XI. Consequently the. best magnitudes for the quan¬ 
tities that determine the effective sensitiveness are those that 
will give the required precision with the least labor and expense. 
The methods by which such magnitudes can be determined depend 
largely on the nature of the problem in hand, and a general treat¬ 
ment of them is quite beyond the scope of the present treatise. 
Each separate ease demands a somewhat detailed discussion of 
the theory and practice of the proposed measurements and only 
a single example can be given hero for the purpose, of illustration. 

Since the potentiometer method of comparing electromotive 
forces has been quite fully discussed in article eighty-one, it will 
be taken as a basis for the illustration and we will proceed to find 
the relation between the effective sensitiveness of the galvanom¬ 
eter and the various resistances and electromotive forces involved. 
Since the directly observed components in this method are the 
resistances It\ and R i} the effective sensitiveness is equal to the 
galvanometer deflection corresponding to a unit fractional devia¬ 
tion of It: or i ?2 from the condition of balance. 

From the discussion given in article cighty-ono it is evident that 
the potentiometer method could be carried out with any conven¬ 
ient values of the resistances Iti and R* provided they are so ad¬ 
justed that the ratio ^ satisfies equation (ii) in the cited article. 

The absolute magnitudes of these resistances depend on the electro¬ 
motive force of the battery R z and the total resistance of the cir¬ 
cuit 1, 2, ,3, /i 3 , 1 in Fig. 10. The effective sensitiveness of the 
method, and hence the accuracy attainable in adjusting the con¬ 
tacts 2 and 3 for the condition of balance, depends on the above 



the galvanometer. 

Since R x and Hi arc adjusted in the same way and under the 
same conditions, the effective sensitiveness of the method is the 
same for both. Consequently only one of them will be considered 
in the present discussion, but the results obtained will apply with 
equal rigor to either. The essential parts of the apparatus and 
connections are illustrated in Fig. 12, which is the same as Fig. 10 
with the battery Di anil its eoimcclions omitted. 



Fin. 12. 

Let V = c.m.f. of battery B\, 

E = e.ni.f. of battery B 3 , 

H = resistance between l and 2, 

TF = total resistance of the circuit 1, 2, B 3l 1, 

G — total resistance of the branch 1, G, B\, 2, 

I — current through B 3 , 
r = current through It, 
g = current through B\ and G. 

When the contact 2 is adjusted to the balance position 

E V 

g = 0, r = I, and I = ^ 

Consequently 

V = E^ r (xvii) 

This is the fundamental equation of the potentiometer and must 
be fulfilled in every case of balance. Consequently E must be 



circuit 1, 2, D 3 , 1, and hence is always loss than IF. Equation 
(xvii) may then be satisfied by a suitable adjustment of R. 

By applying Kirehhoff’a laws to the circuits 1, G, B u 2, 1, and 
1, 2, B it 1, when the contact 2 is not in the balance position, we 
have 

Rr - Gg « K, 
and Rr + (IF - R) I = E. 

But r = 7 - g. 

Hence RI — (R -h G) g ~ V, 

and WT - Rg = E. 

Eliminating I and solving for <j we find 

g ~ W-Wli-WQ' (xvm) 


Tf D is the* galvanometer deflection corresponding to the current 
g and K is the constant of tho instrument 

g = KD. 

Most galvanometers are, or can be, provided with interchange¬ 
able coils. The winding spaco in such coils is usually constant, 
but the number of windings, and hence the resistance, is variable.’ 
Under these conditions the resistance of the galvanometer will bo 
approximately proportional to the square of the number of turns 
of wire in the coils used. For tho purpose of the present discussion, 
this resistance may be assumed to be equal to G since tho resist¬ 
ance of tho battery and connecting wires in branch 1 , G, B\, 2, 
can usually be made very small in comparison with that of the 
galvanometer. The constant K is inversely proportional to the 
number of windings in the coils used. Consequently, as a suffi¬ 
ciently close approximation for our present purpose, we have 


where T is a constant determined by tho dimensions of the coils, 
the moment of the directive couple, and various other factors 
depending on the type of galvanometer adopted, lienee, for any 
given instrument, 


7’ u 


(xix) 



It. is count to tljo deflection tlmt would be produced by unit current 
if tbe instrument followed the same law for all values of g. 

By equation (xix) ancl (xviii) 

VG' WV-liE 
T ' R 2 -XVR-WG' 

The variation in D duo to a change cllt in R is 

a/) m VG E(W-Wli-WG) + (WV-ItE)(2Il-\V) , 
dR T ' (/t 2 — WR — WGj* (xxj 

When the potentiometer is adjusted for a balance, D is equal to 
zero and \VV is equal to RE by equation (xvii). Hence, if 6 is the 
galvanometer deflection produced when the resistance R is changed 
from tbe balancing value by an amount dR, equation (xx) may 
be put in the form 



The fractional change in R corresponding to the total change dR 


Consequently 


vVg 


r { 1 ~e)+ g 


is the galvanometer deflection corresponding to a fractional error 
P r in the adjustment of R for balance. The coefficient of P r in 
equation (xxi) is the effective sensitiveness of the method under 
the given conditions. If this quantity is represented by S, equa¬ 
tion (xxi) becomes 

S = SI\, 

and „ i vVg 

+ g (xxii) 

All of the quantities appearing in the right-hand member of this 


equation may be considered as independent variables since equa¬ 
tion (xvii) can always be satisfied, and hence the potentiometer 


the resistance W is suitably chosen. 

If S' is the smallest galvanometer deflection that can be defi¬ 
nitely recognised with the available moans of observation, the frac¬ 
tional error ZV of a single observation on R should not be greater 
h' 

than -s* Since the precision attainable in adjusting the potentiom- 
o 

eter for balance is inversely proportional to P /, it is directly pro¬ 
portional to the effective sensitiveness >S. By choosing suitable 
magnitudes for the variables T, G, R, and E, it is usually possible 
to adjust the value of S, and hence also of /V, to meet the re¬ 
quirements of any problem. 

From equation (xxii) it is evident that S will increase in magni¬ 
tude continuously as the quantities T, R, and E deerciise and that 
it docs not pass through a maximum value. The practicable in¬ 
crease in S is limited by the, following considerations: E must be 
greater than V, for the reason pointed out above, and its variation 
is limited by the nature of available batteries. Since E must 
remain constant while the potentiometer is being balanced alter¬ 
nately against V and the electromotive force of a standard cell, 
as explained in article eighty-one, the battery /i 3 must he capable 
of generating a constant electromotive force during a considerable 
period of time. In practice storage colls arc commonly used for 
tliis purpose and E mny be varied by slops of about two volts by 
connecting the required number of cells in series. Obviously E 
should be made as nearly equal to V as local conditions permit. 

When the potentiometer is balanced 


If R is reduced for the purpose of increasing the effective sensitive¬ 
ness, W must also be reduced in like ratio, and, consequently, the 
current I through the instrument will be increased. The prac¬ 
tical limit to tliis adjustment is reached when the heating effect 
of the current becomes sufficient to causo an appreciable change 
in the resistances R and W. With ordinary resistance boxes this 
limit is reached when I is equal to a few thousandths of an ampere. 
Consequently, if E is about two volts, R should not bo made much 
less than one thousand ohms. Resistance coils made expressly 
for use in a potentiometer can be designed to carry a much larger 



out introducing serious errors due to the heating effect of the 
current. 

The constant T depends on the type and design of the galva¬ 
nometer. In the suspended magnet type it can ho varied some¬ 
what by changing the strength of the external magnetic field, and 
in the D’Arsonval type the same result may be attained by chang¬ 
ing the suspending wires of the movable coil. The effects of the 
vibrations of the building in which the instrument is located and 
of accidental changes in the external magnetic field become much 
more troublesome as T is decreased, i.c., as the intrinsic sensitive¬ 
ness is increased. Consequently the practical limit to the reduc¬ 
tion of T is reached when the above effects become sufficient to 
render the observation of small values of 5 uncertain. This limit 
will depend largely on the location of the instrument and the care 
that is taken in mounting it. Sometimes a considerable, reduc¬ 
tion in T can be effected by selecting a type of galvanometer 
suited to the local conditions. 

If the quantities T, R, V, and E arc kept constant, S passes 
through a maximum value when G satisfies the condition 


It can bo easily proved by diroet differentiation that this is the. 
case when 

G = R ^1 — (xxiii) 

Hence, after suitable values of the other variables have been de¬ 
termined as outlined above, the best magnitude for G is given by 
equation (xxiii). Generally this condition cannot be exactly ful¬ 
filled in practice unless a galvanometer coil is specially wound for 
the purpose; but, when several interchangeable coils are available, 
the one should be chosen that most nearly fulfills the condition. 
In some galvanometers T and G cannot be varied independently, 
and in such cases suitable values can be determined only by trial. 

Since the case and rapidity with which the observations can be 
made increase with T, it is usually advisable to adjust the other 
variables to give the greatest practicable, value to the second 
factor in S, and then adjust T so that the effective sensitiveness 



As an illustration consider the numerical data given in article 
cighty-oue. It was proved that the specified precision require¬ 
ments cannot be satisfied unless R is determined within a frac¬ 
tional precision measure equal to ± 0.00003. Allowing one-half 
of this to errors of calibration we have left for the allowable error 
in adjusting the potentiometer 

TV = 0.00031. 


If a single storage cell is used at /? 3 , E is approximately two volts, 
and, with ordinary resistance boxes, R should be about one thou¬ 
sand ohms, for the reason pointed out above. This condition is 
fulfilled by the cited data; and, for our present purpose, it will be 
sufficiently exact to take V equal to one volt. Hence, by equa¬ 
tion (xxiii), the most advantageous magnitude for G is about 
five hundred ohms; and, by equation (xxii), the largest practi¬ 
cable value for the second factor in S is 



With a mirror galvanometer of the D’Arsonval typo, read by 
telescope and scale, ft deflection of one-half a millimeter can be 
easily detected. Consequently, if we express the galvanometer 
constant K in terms of amperes per centimeter deflection, we must 
take S' equal to 0.05 centimeter; and, in order to fulfill the specified 
precision requirements, the effective sensitiveness must satisfy tho 
condition 


„ 5' 0.05 

* TV 0.00031 


161. 


Combining this result with the abovo maximum value of ST we 
find that tho intrinsic sensitiveness must be such that 


0.0224 

161 


= 1.4 X 10-h 


Ilenco tho galvanometer should be so constructed and adjusted 
that 


and 


G - GOO ohms, 


T 

K = -^y= = 6.2 X 10 -6 amperes per centimeter deflection. 


can be very easily obtained and are much less expensive than 
more sensitive instruments. They arc so nearly clead-bcat and 
free from the effects of vibration that the adjustment of the poten¬ 
tiometer for balance can be easily and rapidly carried out with 
the necessary precision. Hence the use of such an instrument 
reduces the expense' of the measurements without increasing the 
errors of observation beyond the specified limit. 



CHAPTER XIII. 

RESEARCH. 

87 . Fundamental Principles. — The word research, as used 
by men of science, signifies a detailed study of some natural 
phenomenon for the purpose of determining the relation belwccn 
the variables involved or a comparative study of different phe¬ 
nomena for the purpose of classification. The mere execution of 
measurements, however precise they may be, is not research. On 
the other hand, the development of suitable methods of measure¬ 
ment and instruments for any specific purpose, the estimation of 
unavoidable errors, and the determination of the attainable limit 
of precision frequently demand rigorous and far-reaching research. 
As an illustration, it is sufficient to cite Mieholson’s determination 
of the length of the meter in terms of the wave length of light. A 
repetition of this measurement by exactly the same method and 
with the same instruments would involve no research, but the 
original development of the method and apparatus was Die result 
of careful researches extending over many years. 

The first and most essential prerequisite for research in any field 
is an idea. The importance of research, as a factor in tin* advance¬ 
ment of science, is directly proportional to the fecundity of the 
underlying ideas. 

A detailed discussion of the nature of ideas and of Die conditions 
necessary for their occurrence and development would lead us loo 
far into the field of psychology. They arise more or less vividly 
in the mind in response to various and often apparently trivial 
circumstances. Their inception is sometimes due to a flash of 
intuition during a period of repose when the mind is free to respond 
to feeble stimuli from the subconscious. Their development and 
execution generally demand vigorous and sustained mental effort. 
Probably they arise most frequently in response to suggestion or 
as the result of careful, though tentative, observations. 

A large majority of our ideas have been received, in more 
or less fully developed form, through the spoken or written dis¬ 
course of their authors or expositors. Such ideas arc the common 

m 



correct ami amplify tliem. On the other hand, original ideas, 
that may serve; as a basis for effective research, frequently arise 
from suggestions received during the study of generally accepted 
notions or during the progress of other and sometimes quite differ¬ 
ent investigations. 

The originality and productiveness of our ideas an; determined 
by our previous mental training, by our Imbits of thought and 
action, and by inherited tendencies. Without these attributes, 
an idea has very little influence on tin; advancement of science. 
Important researches may be, anti sometimes are, carried out by 
investigators who did not originate the underlying ideas. but, 
however these ideas may have originated, they must be so thor¬ 
oughly assimilated by the investigator that they supply the stim¬ 
ulus and driving power necessary to overcome the obstacles that 
inevitably arise during the prosecution of Lite work. The driving 
power of an idea is due to the mental state that it produces in the 
investigator whereby lie is unable to rest content until the idea 
has been thoroughly tested in all its beatings and definitely proved 
to be true or false. It acts by sustaining an effective concentra¬ 
tion of the mental and physical faculties that quickens his in¬ 
genuity, broadens his insight, and increases his dexterity. 

In order to become effective, an idea must furnish the incentive 
for research, direct tin* development of suitable methods of pro¬ 
cedure, and guide the interpretation of results, but it must 
never be dogmatically applied to warp the facts of observation 
into conformity with itself. The mind of the investigator must 
be as ready to receive; and give due weight to evidence against 
his ideas as to that in their favor. The ultimate truth regarding 
phenomena and their relations should bo sought regardless of 
the collapse of generally accepted or preconceived notions. From 
this point of view, research is the process by which ideas arc 
tested in regard to their validity. 

88 . General Methods of Physical Research. — Researches 
that pertain to the physical sciences may be roughly classified 
in two groups; one comprising determinations of the so-called 
physical constants such ns the atomic weights of Ihc elements, the 
velocity of light, the constant of gravitation, etc.; the other 
containing investigations of physical relations such as that, which 
connects the muss, volume, pressure, and temperature of a gas. 


ine researunes m uw msi inmiiuiuuj tvj h utiroiui 

execution of direct or indirect measurements and a determination 
of the precision of the results obtained. The general principles 
that should be followed in this part of the work have been suffi¬ 
ciently discussed in preceding chapters. Their application to prac¬ 
tical problems must be left to the ingenuity and insight of the 
investigator. Some men, with large experience, make such appli¬ 
cations almost intuitively. But most of us must depend on a 
more or less detailed study of the relative capabilities of available 
methods to guide us in the prosecution of investigations and in 
the discussion of results. 

In general, physical constants do not maintain exactly the same 
numerical value under all circumstances, but vary .somewhat with 
changes in surrounding conditions or with lapse of time. Thus 
the velocity of light is different in different media and in dispersive 
media it is a function of the frequency of the vibrations on which 
it depends. Consequently the determination of such constants 
should be accompanied by a thorough study of all of the factors 
that are likely to affect the values obtained-and an exact specifica¬ 
tion of the conditions under which the measurements are made. 
Such a study frequently involves extensive investigations of the 
phenomena on winch the constants depend and it should he 
carried out by very much the same methods that apply to the 
determination of physical relations in general. On the other 
hand, the exact expression of a.physical relation generally involves 
one or more constants that must be determined by direct or in¬ 
direct measurements. Hence there is no sharp lino of division 
between the first and second groups specified above, many re¬ 
searches belonging partly to one group and partly to tho other. 

The occurrence of any phenomenon is usually the result of the 
coexistence of a number of more or less independent antecedents. 
Its coinpleto investigation requires an exact determination of tho 
relative effect of each of the contributary causes and the develop¬ 
ment of tho general relation by which their interaction is expressed. 
A determination of the nature ami mode of action of all of tho 
antecedents is the first step in this process, ftinco it is gen¬ 
erally impossible to derive useful information by observing the 
combined action of a number of different causal factors, it becomes 
necessary to devise means by which the effects of tho several 
factors can be controlled in such manner that they can be studied 



largely on the effectiveness of such means of control and the 
accuracy with which departures from specified conditions can be 
determined. 

Suppose that an idea has occurred to us that a certain phenome¬ 
non is due to the interaction of a number of different factors that 
we will represent by A, B, C, . . . , P. This idea may involve 
a more or less definite notion regarding the relative effects of the 
several factors or it may comprehend only a notion that they arc 
connected by some functional relation. In either ease we wish 
to submit our idea to the test of careful research and to determine 
the exact form of the functional relation if it exists. 

The investigation is initiated by making a scries of preliminary 
observations of the phenomenon corresponding to as many vari¬ 
ations in the values of the several factors as can be easily effected. 
The nature of such observations and the precision with which they 
should be made depend so much on the character of the problem 
in hand that it would be impossible to give a useful general dis¬ 
cussion of suitable methods of procedure. Sometimes roughly 
quantitative, or even qualitative, observations arc sufficient. In 
other cases a considerable degree of precision is necessary before 
definite information can be obtained. In all cases the observa¬ 
tions should be sufficiently extensive and exact to reveal the gen¬ 
eral nature and approximate relative magnitudes of the effects 
produced by each of the factors. They should also serve to detect 
the presence of factors not initially contemplated. 

With the aid of the information derived from preliminary obser¬ 
vations and from a study of such theoretical considerations as 
they may suggest, means are devised for exactly controlling the 
magnitude of each of the factors. Methods arc then developed 
for the precise measurement of these magnitudes under the con¬ 
ditions imposed by the adopted means of control. This process 
often involves a preliminary trial of several different methods 
for the purpose of determining their relative availability and pre¬ 
cision. 'Plio methods that arc found to be most exact and con¬ 
venient usually require some modification to adapt them to the 
requirements of a particular problem. Sometimes it becomes 
necessary to devise and test entirely new methods. During this 
part of the investigation the discussions of the precision of meas¬ 
urements given in the preceding chapters find constant applica- 
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Table II. 


1 

1 centimeter (cm.) = 0.3937 

“ ’ = 0.T32S 

“ = Q.01Q£ 


1 meter (m.) = 1000 n 

“ = 100 ce 

“ = 10 dec 

1 kilometer (km.) = 1000 r 

“ = 0.621: 

“ = 3280.? 

1 inch (in.) = 2.5401 

1 foot (ft.) = 12 inc 

“ = 30.481 

1 yard (yd.) = 36 inc 

“ =3 feet 

“ =91.44 
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Table II.— 


The following gravitati 
attraction at London whet 
or 981.19 cm./secT 2 
1 dyne — 1- 

“ = 0. 

“ = 2 . 

1 gram’s wt. = 

1 kilogram’s wt. = 1( 

“ = 95 

“ = 2 . 

1 pound’s wt. = 0 

“ — 4 ; 

1 pound’s wt. (local) = g, 

g = 1c 

a 

1 seco d ('s.') = 0, 


Table III. —T 



sin a 


a z . a 5 


a_ 3! + 5! 


= — (e™ — e~ ia ) 

Zi % 


Vl — cos 2 a 


n . a a. 

2 sm ^ cos 2 


tan 


Vl -j- tan 2 a 
« 

sin /5 cos (/5 — 
cos j3 sin (/3 + 


sin J a = 


cos a 
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Table III.—-Ti 

cos 2 <* = 2 cos~ ex, 

= cos 2 a — 

cos 2 a = 1 — sin 1 ' 
cos (a ± (3) — n 
cos (x -H cos “ 
cos a — cos - 
cos 2 a cos 2 $ r 
cos 2 a — cos 2 $ 
cos 2 a — sin 2 jrf - 


Table III. — Trigon 
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Binomial Theorem. 

(x *-{- y) m = i x m H 


when ni is a positive intc 
x > y. When x < y aiu 
taken in the form 

(* + y) m = y m - 


Fourier’s Series. 

1 

f (#) =* ^ “f* ex 


4 ~ /7i « 




dx 


dx 


0 aU + W + cW) = 


±UV=V^ + U~; 

dx dx dx 


±UVW = VW~ + U] 

dx dx 


dx 


x n = nx n ~ l ) 


d /- 1 

A* * ~ ^ /~9 
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The following algebr 
second, third, and foul 
(Merriman and Wood 1 
1896.) 

Reduce to the form 

Then the two roots a 

Xi = — a 


Reduce to the form 

4 

Compute the followir 

B = - a 2 + b; 

Si = (*■— 0 * 4 " ^ 

Then the three roots 

X\ = —■ i 


Table VII 


In the following formulae, a, 
their squares, higher powers, ai 
unity. The limit of negligibi 
hand. Most of the formulae 
when the variables are equal t 


1 . (1 -j-a') n = 1 + na] (1 


2. (1 -f- a) 2 3 

3. Vl -f- a 


= 1 d" 2aj (1 


= 1 + i Vl 


1 + a. 


5- (i + «) n 1 na; (i 


I 


/v 
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Table \ 

Base of Naperian logarith: 
Modulus of Naperian log. 

Modulus of common log.: 

1c 

Circumference 

ip—p—nmu-_nn hi —T~r~*~ 


Diameter 


Table IX 



login (e*) 

e* 


6.00000 

1.0000 

1 

0.04343 

1.1052 

2 

0.08686 

1.2214 

3 

0.13029 

1.3499 

4 

0.17372 

1.4918 

5 

0.21715 

1.6487 

6 

0.26058 

1.8221 

7 

0.30401 

2.0138 

8 

0.34744 

2.2255 

9 

0.39087 

2.4596 


0.43429 

2.7183 

1 

0.47772 

3.0042 

2 

0.52115 

3.3201 

3 

0.56458 

3.6693 

4 

0.60801 

4.0552 

5 

0.65144 

4.4817 

6 

0.69487 

4.9530 

7 

0.73830 

5.4739 

8 

0.78173 

6.0496 
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Table > 
Value of i 


X 

<** 

0.1 

1.0101 

0.2 

1.0408 


1.0942 


1.1735 


1.2840 

0.6 

1.4333 


1.6323 

0.8 

1.8965 

0.9 

2.2479 

1.0 

2.7183 

i.i 

3.3535 

1.2 

4.2207 

1.3 

5.4195 

1.4 

7.0993 

1.5 

9.4877 

1.6 

1.2936X10 


Table XI.—Values 


P a Diff. 


0.00000 
0.0112S 
0.02256 
0.03384 
0.04511 
0.05037 
0.06762 
0.07886 
0.0900S 
0.10128 
0.11246 
0.12362 
0.13476 
0.145S7 
0.15695 
0.16800 
0.17901 


1128 

1128 

1128 

1127 

1126 

1125 

1124 

1122 

1120 

1118 

1116 

1114 

1111 

nos 

1105 

1101 


Pa 


2 

Vtt-'o 


i aho 


0.50 0.52050 
0.510.52924 
0.52 0.53790 
0.53 0.54646 
0.54 0.55494 
0.55 0.56332 
0.56 0.57162 
0.57 0.57982 
0.58 0.58792 
0.59 0.59594 
0.60 0.60386 
0.610.6116S 
0.62 0.61941 
0.63 0.62705 
0.64 0.63459 
0.65 0.64203 
0.66 0.64938 



226 THE THEi 

Table XII.—V 

P 



.00000 .00538 
.05378 . 05914 
.10731 .11204 
. 16035 .16502 
.21268 .21787 

26407 - 20915 
. 31430 • 31925 
.36317 -30798 
41052 .41517 
; 45618 . 46004 

.50000 . 50428 
.54188 . 54595 
.58171 .58558 
.61942 . 62308 
. 65498 . 65841 


fiSSM 69155 



Table XIV. — For Compute 

(31 


N 

0.6745 

0.6745 

VjV~l 

^N(N- 1 

2 

0.6745 

0.4769 

3 

0.4769 

0.2754 

4 

0.3894 

0.1947 

5 

0.3372 

0.1508 

6 

0.3016 

0.1231 

7 

0.2754 

0.1041 

8 

0.2549 

0.0901 

9 

0.2385 

0.0795 

10 

0.2248 

0.0711 


0.2133 

0.0643 

12 

0.2029 

0.0587 
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Table XV.—For Com] 


N 


0.8453 


V N(N - 1) 


I 






Table XVI. 


n 


i 

2 

3 

1.0 

1.000 

1.020 

1.040 

1.061 

1.1 

1.210 

1.232 

1.254 

1.277 

1.2 

1.440 

1.464 

1.488 

1.513 

1.3 

1.690 

1.716 

1.742 

1.769 

1.4 

1.960 

1.988 

2.016 

2.045 

1.5 

2.250 

2.280 

2.310 

2.341 

1.6 

2.560 

2.592 

2.624 

2.657 

1.7 

2.S90 

2.924 

2.958 

2.993 

1.8 

3.240 

3.276 

3.312 

3.349 

1.9 

» 

3.610 

3.648 

3.686 

3.725 

2.0 

4.000 

4.040 

4.080 

4.121 

2.1 

4.410 

4.452 

4.494 

4.537 

2.2 

4.840 

4.884 

4.928 

4.973 

2.3 

5.290 

5.336 

5.382 

5.429 

2.4 

5.760 

5.808 

5.856 

5.905 

2.5 

6.250 

6.300 

6.350 

6.401 

2.6 

O *7 

6.760 

n Odd 

6.S12 

n Q4A 

6.864 

*7 or\o 

6.917 

n a ro 
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Table XVI. 


n 

0 

l 

c 

4 

5.5 

30.25 

30.36 

30 

5.6 

31.36 

31.47 

31 

5.7 

32.49 

32.60 

32 

5.8 

33.64 

33.76 

33 

5.9 

34.81 

34.93 

35 

6.0 

36.00 

36.12 

36 

6.1 

37.21 

37.33 

37 

6.2 

38.44 

38.56 

38 

6.3 

39.69 

39.82 

39 

6.4 

40.96 

41.09 

41 

6.5 

42.25 

42.38 

42 

6.6 

43.56 

43.69 

43 

6.7 

44.89 

45.02 

45 

6.8 

46.24 

46.38 

46 

6.9 

47.61 

47.75 

47 

7.0 

*7 1 


49.14 

rr\ r r 

49. 

I-A 






Table XVII. 


o 


1 


0000 

0043 

0086 

0128 

0170 

0212 


0004 

0048 

0090 

0133 

0175 

0216 


0253 

0294 

0334 

0374 

0414 


0257 

0298 

0338 

0378 

0418 


0453 

0492 

0531 

0569 

0607 


0457 

0496 

0535 

0573 

0611 


0009 0( 

0052 0( 

0095 0( 

0137 0] 

0179 0] 

0220 o; 
0261 o; 

0302 o; 
0342 o; 
0382 o; 
0422 0- 

0461 0* 

0500 Oi 
0538 0, 

0577 0 

0615 Oi 
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10 oooo 0043 


0453 0492 
0828 0864 
1173 1206 


1523 

1818 


2304 

2553 

2788 


2095 


2355 2380 
2601 2625 
2833 2856 


3010 3032 3054 30 


3243 3263 
3444 3464 

3636 365s 


3820 3838 

3997 4014 

4166 4183 



















T 


Table XVIII.— 
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* 



O' 

| 0' 

12^ 

8BHB8 

1 

0° 

0000 

Egg 

0035 

uwwuuimi 1 iiimiw n immi> 

0< 

1 

0175 

0192 

0209 

0 

2 

0349 

0366 

0384 

o< 

3 

0523 

0541 

° 55 « 

<*V* 

0 

1 

4 

0698 

0715 

0732 

0 

5 

0872 

0889 

0906 

0< 

t 

6 

1045 

1063 

I080 


7 

1219 

1236 

1253 

v . 

8 

1392 

1409 

1426 

1* 

9 

1564 

1582 

1599 


10 

1736 

1754 

1771 

K 

11 

1908 

1925 

1942 


12 

2079 

2096 

2113 

2] 

13 

2250 

2267 

2284 

2: 

14 

2419 

243 ^ 

2 453 

2^ 

15 

2588 

2605 

2622 

2( 

16 

2756 


2790 

*>5 

<w (. 




















Table XIX. — N. 



O' 

6' 

12' 

18 ' I 

BB88B8BS3SB 

24 ' 

MM 

r 

Ml 

45° 

7071 

7083 

7096 

^7 

1 

O 

OO 

7120 

7 

1 46 

7193 

7206 

7218 

7230 

7242 

7 

1 47 

73 H 

7325 

7337 

7349 

7361 

7 

48 

7431 

7443 

7455 

7466 

7478 

7 

49 

7547 

7558 

757° 

75 Sl 

7593 

7 

50 

WtSSi 

7672 

7683 

7694 

7705 

7 

51 

7771 

7782 

7793 

7804 

781s 

7 

52 

7SS0 

7891 

7902 

7912 

7923 

7 

53 

7986 

7997 

8007 

8018 

8028 

8 

1 54 

8090 

8100 

8m 

8121 

8131 

8 

1 55 

8192 

O 

OJ 

00 

8211 

S221 

8231 

8 

56 

8290 

8300 

8310 

8320 

8329 

8 

57 

8387 

8396 

8406 

8415 

8425 

8 

58 

8480 

8490 

8499 

8508 

8517 

8 

59 

8572 

8581 

8590 

8599 

8607 

8 

60 

8660 

8669 

8678 

8686 

8695 

8 

61 

8746 

8755 

8763 

8771 

8780 

8 

•MWN 
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* Tab 


■ 

O' 

6' 

12' 

18' 

m 

1*000 

1*000 

1*000 

rooo 

Kfl 


nearly. 

nearly. 

nearly. 

1 

9998 

9998 

9998 

9997 

2 

9994 

9993 

9993 

9992 

3 

9986 

9985 

9984 

9983 


997 6 

9974 

9973 

9972 

5 

9962 

9960 

9959 

9957 

il 

9945 

9943 

9942 

9940 

7 

9925 

9923 

99 21 

99*9 

8 

9903 

9900 

9898 

9895 

9 

9877 

9874 

9871 

9869 

10 

9848 

9845 

9842 

9839 

11 

9816 

9813 

9810 

9806 

12 

9781 

9778 

9774 

9770 

13 

9744 

9740 

9736 

9732 

14 

97°3 

9699 

9694 

9690 

15 

*1 

9659 

9655 

9650 

9646 

A H a(? 












Tj 


Table XX.— Nat: 

6' 

12' 

18 ' 


3 < 

7°5 9 

7046 

7°34 

7022 

70 

6934 

6921 

6909 

6896 

68 

6807 

6794 

6782 

6769 

67 

6678 

6665 

6652 

6639 

66 

6 547 

6534 

6521 

6508 

64 

64I4 

6401 

6388 

^374 

63 

6280 

6266 

6252 

6239 

62 

6143 

6129 

6115 

6101 

60 

6004 

5990 

597 6 

5962 

59 

5864 

5850 

5835 

5821 

58 

5721 

5707 

5693 

5678 

5 6 

5577 

55^3 

5548 

5534 

55 

543 2 

54 i 7 

5402 

5388 

53 

5284 

5270 

5255 

5240 

52 

5135 

5120 

5 io 5 

5090 

50 

4985 

4970 

4955 

4939 

49 

4833 

4818 

4802 

4787 

47 
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* Table X 



O' 

6' 

12' 

18 ' 

2 4 

0° 

•oooo 

O 

O 

0035 

0052 

007 

1 

•0175 

OI92 

0209 

0227 

024 

2 

•0349 

0367 

0384 

O4O2 

041 

3 

•0524 

0542 

°559 

°S 77 

059 

4 

1 B 1 SBB 1 

0717 

0734 

0752 

076 

5 

•0875 

0892 

0910 

0928 

094 

6 

•1051 


1086 

IIO4 

11 2 

U 

•1228 

1246 

1263 

I28l 

125 

■9 

•1405 

I423 

1441 

1459 

147 

B 9 

•1584 

1602 

1620 

I638 


10 

•1763 

t—< 

00 

h-f 

1799 

>-4 

00 

►H 

OO 

11 

•1944 

1962 

1980 

1998 

201 

12 

•2126 

2144 

2162 

2180 

2 IC 

13 

•2309 

2327 

2345 

2364 

23^ 

14 

'2493 

2512 

2530 

2549 

25 1 

15 

•2679 

2698 

2717 

2736 

2 7 c 








































TAl 

























57’ 2 9 

28*64 

19*08 


14*30 

ii *43 

9 * 5*44 


8*1443 

7 >II 54 

6*3138 


5*671:3 


1VI446 

4*7046 

4-33I5 


* Table X2 



4*0108 

3 * 73^1 

3*4874 


573-0 286*5 i9i*o|i/ 


52*08 47*74 
27*27 26*03 
18*46 17*89 


13*95 13*62 13*30 
u*20 10*99 10*78 

3572 2052 0579 

0285 9158 8062 
0264 9395 8 548 

2432 1742 1066 


6140 5578 5026 


0970 0504 0045 c 
6646 6252 5864 « 
2972 2635 2303 


9812 9520 9232 
7062 6806 6554 
4646 4420 4197 

















TAB 


Table XXII. —Natural 



0' 

0' 

12 

18 ' 

24 ' 

HHBMHHSfli 

30 ' 

CJ1 

o 

ro 

0*9965 

0*993° 

0*9896 

0*9861 

0*9827 

I 46 

•9657 

9623 

9590 

955 6 

9523 

9490 

I 47 

•9325 

9293 

9260 

9228 

9 i 95 

9163 

I 48 

•9004 

8972 

8941 

89I.O 

8878 

8847 

I 49 

•8693 

8662 

8632 

8601 

8571 

8541 

50 

•8391 

8361 

8332 

8302 

8273 

8243 

51 

•8098 

8069 

8040 

8012 

7983 

7954 

52 

•7813 

77S5 

7757 

7729 

7701 

7673 

53 

•7536 

7508 

7481 

7454 

7427 

7400 

54 

•7265 

7239 

7212 

7186 

7 i 59 

7 i 33 

55 

•7002 

6976 

6950 

6924 

6899 

6873 

56 

•6745 

6720 

6694 

6669 

6644 

6619 

57 

•6494 

6469 

6445 

6420 

6395 

6371 

58 

•6249 

6224 

6200 

6I76 

6152 

6128 

59 

•6009 

5985 

5961 

5938 

59 H 

589° 

60 

*5774 

575 ° 

5727 

5704 

5681 

5658 

61 

•5543 

55 2C > 

~tt*~ rfrimr—f hi 

5498 

5475 

5452 

5430 
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Table XXII 




0° 0.0000 0017 0035 0052 007' 

1 0.0175 0192 0209 0227 024 

2 0.0349 0367 03840401 041 

3 0.0524 05410559 0576 059 

4 0.069S 0716 0733 0750 076 

5 0.0873 0890 0908 0925 094 


6 0.1047106510821100111 

7 0.1222123912571274 129 

8 0.139614141431 1449 140 

9 0.1571 158810061623 104 

10 0.1745176317801798 181 


11 0.1920 1937 1955 1972 199 

12 0.2094 2112 2129 2147 210 

13 0.2269 2286 2304 2321 233 

14 0.2443 2461 2478 2496 251 

15 0.2618 2635 2653 2670 268 


16 0.2793 2810 2827 2845 286 

tt-r n . nriorr nnotr OnrvO 901 O Qno 






TA1 


Table XXIII. — Radl 













INDI 


A « 

Absolute measurements, 5 . 

Accidental errors, axioms of, 29 ., 
errors, criteria of, 121. 
errors, definition of, 26 
errors, law of, 29 , 35 . 

Adjusted effects, 149 . 

Adjustment of the angles about a 
point, 81 . 

of the angles of a plane triangle, 93 . 
of instruments, 15 , 183 . 
of measurements, 21 , 42 , 63 , 72 . 



definition of, IS, 


INDEX 


rical examples — Continued. 
fficient of linear expansion, 78 . 
eussion of proposed measure¬ 
ment, 157 . 

sctive sensitiveness of potenti¬ 
ometer, 190 . 

ors of a derived quantity, 101. 
ctional errors, 101. 
cision of completed measure¬ 
ment, 140 . 

bable errors of adjusted meas¬ 
urements, 113 , 115 . 
bable error of general mean, 69 . 
pagation of errors, 101. 
ition of normal equations by 
Gauss’s method, 88. 
ighted direct measurement, 69 . 


Probabilit 

functior 

enc 

integral 

* 

of large 
of residi 
principl 
Probable » 
error c 
11 ] 
error of 
error of 
pui 
error of 
error o 
68 , 
error of 
Propagati 
Publicati< 


